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Abstract

This thesis focusses on the development of (14-1)-dimensional integrable hierarchies
in both the classical and quantum settings via the Lax/zero-curvature picture, where
the underlying Poisson structure is found through the use of a classical or quantum
R-matrix. After setting the scene by using the non-linear Schrodinger and isotropic
Landau-Lifshitz models as examples of the standard approach to constructing hier-
archies in this picture, the focus shifts to two more recent developments: equal-space
Poisson structures (and the resulting spatially conserved quantities and Lax pairs);
and quantum Lax pairs, where previously only the quantum Lax matrix (the spa-
tial component) was considered. The non-linear Schrodinger and isotropic Landau-
Lifshitz models (or analogous quantum spin chains) are then used as examples for

these recent developments to compare against the familiar results.
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Chapter 1

Introduction

Integrable models play a fundamental role in many current topics, and some of the
simplest physical examples of such are (1+1)-dimensional models, that is, those with
one spatial coordinate x and one temporal coordinate . Despite being labelled as
“integrable”, many of the examples of interest are very difficult or impractical to
actually integrate, so it can be useful to develop connections between such models.
Integrable hierarchies allow us to do just that, by describing a large (or even infinite
in the case of systems with a continuous space dependence) number of integrable
systems that are grouped and connected by some common object.

One method for constructing a hierarchy of integrable models is based on the
existence of a “Lax matrix” (this can more generally be a Lax operator, but we
focus in this thesis on the 2x2 matrix case), due originally to Lax [1] but later
written in the zero-curvature approach we discuss here by others [2, 3|, which allows
the conserved quantities that provide the integrability, and the other integrable
systems in the hierarchy, to be systematically constructed. This Lax matrix is used
in conjunction with an R-matrix (for quantum systems, or its classical limit the
r-matrix for classical systems), which is a solution of the Yang-Baxter equation
[4, 5], (4.1.3) (or the classical Yang-Baxter equation, (2.1.6), for classical systems
[6]). Together, the Lax matrix and R-matrix encode all of the relevant information

of the integrable system.

When we talk about an integrable model, we typically mean a system of equa-

tions that govern the evolution of some fields. These fields depend on the spatial
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coordinate (z for continuous systems and an index n for discrete systems) and the
time coordinate t. For example, one of the two main models under study in this

thesis is the non-linear Schrodinger (NLS) model! [2]:

Orth = =03t + 20|y, Ocb = Optb — 20|47, (1.1.1)

which has two? fields, ¥(x,t) and 9(z,t). The derivative with respect to a variable
is denoted by, for example, 9, = %.
The other main model we concern ourselves with is the isotropic Landau-Lifshitz
(HM) model? [7, 8], the equations of motion for which can be written in vector form:
— i — —.
where S(z,t) = (Su(z,t), Sy(z, 1), Sa(z, t))T is a vector containing the three fields
Sy(z,t), Sy(z,t), and S,(x,t), and c is a non-zero constant, the meaning of which is

given in (2.1.11). These can also be written in terms of useful combinations of these

fields as: .
0:Sy = ig(Si((?iSz) — (8§Si)Sz),
(1.1.3)
05, = 55 ((25.)5. — 5,(825.)),

with Sy (z,t) = Sy(x,t) £1S,(z,t). When referencing the three fields S; and S,, we

will use the subscript o € {+, —, 2z} to collectively refer to them as S,,.

Two other important ingredients in the extraction of these equations of mo-
tion are “Poisson brackets”, {-,-}, and the “Hamiltonian”, H. These are combined
through Hamilton’s equation to find the time-evolution of the fields in the model.

For NLS, for example, the Poisson bracket and Hamiltonian would need to be chosen

IThis is usually presented with a factor of i on the left-hand side of each equation, so that the
two are the complex conjugates of each other. For simplicity, we switch to imaginary time in this
thesis so that the factors of i can be removed.

2While the ¢ and ) in these equations are not the complex conjugate of one another, as the
over-bar would imply, we still retain the notation |¢/|> = 1) to help keep the expressions compact.

3This model arises as the continuum limit of the classical analogue of the quantum XXX Heisen-
berg spin chain, which we shall discuss in Chapter 4. Due to the XXX spin chain’s simple inter-
pretation as a connected chain of magnets, it is also called the Heisenberg magnet, making the
isotropic Landau-Lifshitz model the “continuous classical Heisenberg magnet”, which is why we
refer to it by HM.
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such that the equations of motion, (1.1.1) could be written in the form of Hamilton’s

equation:

In the quantum case discussed in Chapter 4 the Poisson brackets will be replaced
with commutation relations, and in the dual description of Chapter 3 the above
equations would have 0, instead of J; in the left-hand side, as we are interested in
“space-evolution” there.

The Hamiltonian and Poisson bracket are of particular import, as a hallmark
of integrability is the presence of a large number of distinct conserved quantities
that Poisson commute with one another. Due to the anti-symmetry of the Poisson
bracket, {a,b} = —{b,a}, the Hamiltonian is immediately one such quantity that
is constant with respect to time. Then, part of the value of the Lax construction
is that it provides a hierarchy of conserved quantities that Poisson commute with
one another. Therefore, from the minimal input data of the Lax matrix and the
r-matrix, we are able to extract all of the commuting quantities that we need for

integrability.

A final important consideration when discussing solutions of models is that of
boundary conditions. Two? types of boundary conditions will be discussed in this
thesis: periodic and reflective boundary conditions.

As the simpler of the two cases, periodic boundary conditions will be imposed
first in each setting, and the necessary tools for capturing what goes on at the

boundary will be introduced after the periodic examples.

The rest of the thesis is laid out as follows: Chapter 2 walks through the process
of how we classically use the tools of Lax matrices and r-matrices to determine the
conserved quantities and temporal components of the Lax pairs for an integrable
system, and how these provide us with the tower of related, yet distinct, integrable

systems, each of which admits a description in this language. This will be done for

4Despite this statement, all of the results for periodic boundary conditions will still hold in
the case of Schwartz type boundary conditions (that is, those where the fields and all of their
derivatives are assumed to vanish sufficiently quickly in the limit as @ — +o00) by simply taking
the limit as the length of the system goes to infinity.
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both continuous (Sections 2.1-2.3) and discrete (Sections 2.4-2.6) models, both with
periodic (Sections 2.2 and 2.5) and with reflective (Sections 2.3 and 2.6) boundary
conditions. Examples of these results are provided in the continuous case for the
NLS and HM models (which are fully introduced in this language in Section 2.1)
and in the discrete case by the Ablowitz-Ladik model (which is a discretisation of
the NLS model, and is introduced in Section 2.4). The results shown here are drawn
from a selection of sources, with the primary reference being [9].

The next chapter, Chapter 3, is built from the papers [10] and [11] and builds
the dual (equal-space®) construction of integrable models which was introduced in
[12] and [13]. In this picture we describe models in terms of their space-evolution
rather than the usual time-evolution, which leads to, for example, spatially conserved
“Hamiltonians”. The dual Poisson structure is introduced® in Section 3.1, and
Section 3.2 generates the dual Hamiltonians and Lax pairs in the periodic case.
Section 3.3 then investigates how we can use these to build a “lattice” in place of
the usual hierarchy picture (although note, that the “lattice” does not necessarily
commute). Finally, Section 3.4 introduces the idea of time-like boundary conditions
in analogy to the space-like boundary conditions discussed in Chapter 2. The NLS
and HM models are again used as examples throughout this chapter.

The penultimate chapter changes focus to instead study quantum spin chains,
introducing the auxiliary linear problem to the quantum setting through the def-
inition of the full quantum Lax pair. This chapter follows the work done in [14],
but with additional examples using the Heisenberg XXX spin chain (as well as the
quantum Ablowitz-Ladik model used in [14]). This brings the topic of quantum spin
chains into closer comparison to classical discrete systems, as detailed in the latter
half of Chapter 2.

Finally, we summarise the key points and make some closing remarks in the final

chapter, Chapter 5.

5This “equal-space” should be contrasted against the name “equal-time” for the standard pic-
ture described in Chapter 2. These names are in reference to the evolution variable, as they describe
the coordinate that we are evolving along. I.e. stopping the evolution at some point would give
us a space-time slice that has constant time (for equal-time/time-evolution) or constant space (for
equal-space/space-evolution).

6 Appendix A goes into some further properties of this dual Poisson structure and some of its
consequences. Some more general results are also provided.

4



Chapter 2

Standard Hierarchies

To allow the later chapters to build on a common basis with consistent notation,
this first chapter is devoted to introducing the models and tools that will be used
throughout. It will also showcase how these are used to derive the quantities of
interest so that the processes and results can be compared and contrasted with the
appropriate analogues in the other chapters. We start by focussing on continuous
integrable models, before turning to discrete models starting from Section 2.4.

For more details and references on this general construction, see [9] and [15].

2.1 Continuous Systems

2.1.1 The Equations of Interest

For both the NLS and HM models, we will use a dot to denote the derivative with
respect to a time flow! ¢, e.g. S, = 0, S+, and similarly use a prime to denote the
derivative with respect to a space flow zy, e.g. S, = 0,,5,. Where there is likely
ambiguity however, we will explicitly use either g, or 0,,.

Both the NLS model [9, 16] and HM model [7, 8] can be written as the compat-

ibility condition of the auxiliary linear problem:

U =9, =U7, U =90 =V0, (2.1.1)

IThese distinct time flows will arise from considering the tower of conserved quantities that
define the system as integrable, and treating each of the quantities as the Hamiltonian for a
distinct integrable system, describing the evolution of the fields along the associated time flow
ty. When we consider the dual picture in Chapter 3, we will likewise have a hierarchy of dual
Hamiltonians that govern the space-evolution of the fields along a tower of space flows xy.



Chapter 2: Standard Hierarchies

where W is an arbitrary vector field, and the 2x2 matrices U and V', depending on
the fields in the system and some free complex parameter A, comprise the Lax pair

[1, 2, 3] for the system. For the NLS model, these are [15]:

A A2 i
poes (20 peas (7Y (2.1.2)
v -3 Mp =y =g+ [yl
while for the HM model, these are [8]:
U(HM):iS V(HM):LS—LS’S (2.1.3)
207 2)2 22\ o
where:
S, S-
S = . (2.1.4)
Sy =S,

Cross-differentiating the auxiliary linear problem gives rise to the following compat-
ibility condition (called the zero-curvature condition) between the matrices of the
Lax pair:

0=U-V'+[U,V], (2.1.5)

such that when the matrices U and V are inserted into this, and the resulting
equations are split about powers of A, the appropriate equations of motion ((1.1.1)

for (2.1.2) and (1.1.3) for (2.1.3)) are returned.

2.1.2 Poisson Brackets

The core objects in the Hamiltonian/r-matrix construction of integrable systems are
the spatial component of the Lax pair, U, and an associated r-matrix that satisfies

the classical Yang-Baxter equation [6]:

0= [rap(A = 1), Tac(N)] + [ran(X = 1), 1 (1)) + [Fac(A) s Toe(1)], (2.1.6)

where A\, u € C are some free parameters and the subscripts denote which vector
spaces the matrices act on (e.g. 1o =r®@Tand 1. = l@7r, withr : VRV - VaV,
so that the whole equation acts on V, ® V, ® V., where the subscripts attached to
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the vector spaces are merely used to denote which index corresponds to them, e.g.
rq would act only on the first two). Both the NLS and HM models share the same

core r-matrix, but differ? by a factor of 2:

rNES) (\) = 2, (\) = (2.1.7)

1
A

o o O =
o = O O
o o = O
- o O O

These r-matrices are connected to the U-matrices and the defining equations for

the system through the linear algebraic relation® [17]:

{Ua(2,A), Up(y: 1) } g = [ran(A = p), Ualz, A) 4+ Up(y, )] 6(z — ), (2.1.8)

which provides an ultra-local Poisson bracket between the fields. Inserting the U-
matrices from (2.1.2) and (2.1.3) along with their respective r-matrices into this
relation, we arrive at the Poisson brackets between the fields in each of the systems.

For the NLS model, these are:

{¥(2),9(y)}s =0z —y), (2.1.9)

while for the HM model, we find the sl; exchange relations:

[S2(2), S-(y)}s = £S48z — y), (S, (@), S-()}s = —25.3(x — y).

(2.1.10)
The HM Poisson brackets accept a Casimir element, which manifests as a restriction
of the vector S to the surface of the sphere of radius ¢, where we have labelled the
Casimir ¢?:

F=5248,8_=5+85+5.. (2.1.11)

20f course, any constant scalar factors can be removed by either scaling the Lax matrix or
Hamiltonian, which leaves the equations of motion invariant. We choose to keep this extra factor,
however, to keep the Lax pair and Hamiltonian consistent with the standard results.

3The subscript g is used here and in what follows to denote that we are building this system out
of the Spatial component of the Lax pair (U). This will be important later when we construct the
dual model out of the Temporal component of the Lax pair (V'), where we will use a 1 subscript.
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2.2 Continuous Periodic Boundary Conditions

2.2.1 Conserved Quantities

In order to find conserved quantities that commute with respect to this Poisson
bracket, we start by considering the (spatial) transport matrix, which is a path-
ordered exponential solution to the spatial component of the auxiliary linear problem

(2.1.1) in place of U:
Ts(x,y; ) = Pexp/ U(&)dE. (2.2.1)
y

For a periodic system on the interval [—L, L], i.e. where /(L) = ¢(—L) and S, (L) =
Sy(—L), the full monodromy matrix is Ts(\) = Ts(L, —L; A). Due to the U-matrices
satisfying the linear algebraic relation, (2.1.8), the monodromy matrix can be seen

to satisfy a quadratic algebraic relation [18, 19]:

{Ts.a(N), Tsp(p)} s = [rav(X — 1), Ts.a(N) T ()] (2.2.2)

Consequently, if we define a new object, called the transfer matrix tg(\), as the

trace of the monodromy matrix:
ts(\) = tr {Ts(V)} (2.23)

then this can be shown to Poisson commute with itself for different values of the
spectral parameter (see, for example, [9]). Because of this, if we expand tg as a formal

power series in A, tg = >, )\ktgk), then these coefficients also Poisson commute:

o
(8 o =o. (2.2.4)

As such, the terms in this expansion tfgk) can be seen as Hamiltonians* governing the

evolution of the system along distinct time flows ;. Further to this, the evolution
along each time flow ¢, will be integrable a la Liouville, as the tg) with j # k will

provide the infinite tower of conserved quantities.

4 Although note that, as will be discussed below, these are non-local quantities, where we would
rather have local Hamiltonians. This will be accounted for shortly.
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The task is therefore to find the expansion of t5(\) in some limit of A. For
the NLS Lax pair, (2.1.2), the appropriate limit is A — oo, while for the HM Lax
pair, (2.1.3), it is instead A — 0. In order to avoid evaluating the path-ordered

exponential, we consider a diagonalisation of the transport matrix [9]:
Ts(, 3 0) = (T+ W (3 1)) eZ @8 (T + Ws(y; 1)) (2.2.5)

where Wg and Zg are wholly anti-diagonal and diagonal matrices, respectively. If
we insert this diagonalisation into the spatial half of the auxiliary linear problem,

the diagonal and anti-diagonal components can be separated into two relations:

ZZS‘ = UD + UAWS,
(2.2.6)

0 =W} + [Ws, Up| + WsUsWs — U,

where Up and Uy, are the diagonal and anti-diagonal components of the U-matrix,
respectively. We now expand Wy and Zg in powers of A\, with coefficients Wék) and

Z ék) [9]. For the NLS model, these expansions will be:

Ws(A) = > A= w, Zs(\) =Y Az, (2.2.7)

k=0 k=—1
while for the HM model these expansions will swap A™' — \. Using these, we can
split (2.2.6) into a series of recurrence relations which we can recursively solve to
find ever higher coefficients in the series expansions of Wg and Zg. For the NLS

model, the first few terms in the Zg-series are relatively simple:

1 0
ZéNLS,fl) I ’
0 —1
ZNS0 — o, (2.2.8)

L 1 0
2D / ]2 dz,
L 0 -1
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although the terms that follow them grow increasingly complicated:

L [ _.) 0
ngNLSQ) = / VY dz,

t\ 0 gy
L /N 4 0
Z5S = vl dz, 2.2.9
=L i) 229
Z(NLS4) _ /L WZ’ + 41#/7; - w’”l/? 0 e
’ L 0 WO+ AT )

while for the HM model, they are:

1 0
ZéHM,—l) — L ,
0 -1
1 (Fs8,8 -85 (1 0
70 :—/ A du, (2.2.10)
de J_ 1 c+ S, 0 —1
-1 [t 1 0
2™ = [ (SLS+ (S)7) da.
¢ J-r 0 —1

The reason for doing this is that if we insert the decomposition of the monodromy
matrix, (2.2.5), into the definition of the transfer matrix, (2.2.3), we can use the
cyclic property of the trace and the periodicity of the system we are considering to

cancel the explicit W dependence, leaving:

ts()\) = tr {eZS()‘)}
(2.2.11)
— eZ11,5(N) + eZ22,5(N)

As any combination of conserved commuting quantities will also be a conserved
commuting quantity, it is useful to instead consider the expansion of the logarithm

of the transfer matrix, Gs(A) = In (ts(A)), as this acts to remove the non-locality of

10
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the conserved quantities. The expansion of this logarithmic generator is then:

(NLS,—1) | (NLS,0) (NLS,—1) , ,(NLS,0)
géNLS)(/\) = In < Ai1s +211,5 0+ T4 eMaz,5 +Z§2 5 Tt ) ’
(2.2.12)

(HM,-1) | (HM,0) (HM,—1) | (HM,0)
géHM)()\) = ]n< A2y s s _|_e>‘ YZyos" Ay e )

The leading order contribution Z ) from both the NLS Z-matrices, (2.2.8), and
the HM Z-matrices, (2.2.10), are such that when the appropriate A limit is taken,
the (1, 1)-component will approach +o0c while the (2, 2)-component will approach
—o0. Consequently, the exponential of the (1, 1)-components will dominate in these

limits, so that the expansion of Gg(\) is:

NLS) NLS,—1 NLS,0 _1 ~(NLS,1
G\ = Az T+ 20T+ A TS +
(2.2.13)
HM HM,—1 HM.,0) (HM, 1
Qé )(M =A" 1Z£1 .S ) + Zl(l,S + )‘Zn .S )

For the NLS model, we can combine this with the Z-series, (2.2.8) and (2.2.9), to

find the first six conserved quantities:

géNLS,—l) ~ I
géNLS,O) —0,

L
gﬁm&”—-/°|wﬁdm
-L

(NLS 2) _ / w wdx (2.2.14)

NLS,3 L -
65 = [ (=1l

NLS,4 L n n n
00" = [ (w4 100 - ) da

a few of which are known to have direct physical interpretations: QéNLS’l) is the total

(NLS,2) (NLS,3) .

density of the system, Q is the total momentum of the system, g is the

Hamiltonian for the NLS model, and g (NLS4) 45 the Hamiltonian for the complex

11
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modified Korteweg-de Vries (cmKdV) model:

NéNLS) _ géNLS,l) PS(NLS) _ ggNLS,Q)

) )

(2.2.15)

HéNLS) _ gk(gNLS,S)7 HéchdV) _ géNLSA).

For the HM model, the G expansion causes (2.2.10) to supply us with the first three

conserved quantities:

GUEMD _ op,

1 [F 8. —8.8
(HM0) _ L R +27 3
Gs ), crs (2.2.16)

-1 [E
Gy = (5487 + (SL)?)da,

P}
4c —L

the second and third of which can be recognised as the total momentum and Hamil-

tonian for the HM model, respectively (up to a factor of —2¢) [9]:

PéHM) _ —QCQéHM’O)7 HéHM) — _QCgéHM’l), (2.2.17)

2.2.2 V-Matrices

Each of the conserved quantities Qék) generated through the expansion of Gg can be
seen to describe the evolution of the system along a distinct time flow ¢, so that

the equations of motion for each of these systems would be given by:

atkf = {gék)7 f}S’ (2.2.18)

where f is a field of the model under study (e.g. f = ¢ or f = ¢ for NLS). Conse-
quently, each of these systems should have some associated Lax pair. As we use the
U-matrix to generate the conserved quantities we will be looking for a generator V

that produces the V-matrices V*) associated to each time flow t;. We do so by first
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equating Hamilton’s equation (as applied to U) and the zero-curvature condition:

V(A 1) = [Us(N), Vi (A, )] = 9gU(N) = {In tro{Tsa(10)}, Us(N) }
(2.2.19)

= t5' (Wtra{Tsa(1), Us(N)} s,

where the ¢ is used to denote some master time flow and the vector space subscripts
are introduced to distinguish the space being traced over (the a vector space). Using
the algebraic relations (2.1.8) and (2.2.2), we can extract from this the generator of

the V-matrices associated to each time flow ¢, [6]:

Vb(x; )\7 :u) = tgl(ﬂ) tr, {TSﬂ(L? x; M)Tab(u - )‘)TS@(‘T? _L; :u)} ) (2220)

such that the V-matrix associated to the t; time flow appears as the coefficient of
p=* (for the NLS model) or u* (for the HM model) in the series expansion of this
about u. Using the diagonalisation of the monodromy matrix, the suitable limit of

pin Z(p), and the cyclic properties of the trace, this can be simplified to:

V(s A, p) = trg {Tab(,u = N (I + Wl ) ern,a(L+ Wsa(z; M))il} , (2.221)

where e;; is the 2x2 matrix that obeys (e;;)i = 0;x6;;. Finally, as the chosen r-matrix
satisfies the property r,M, = Myry, for any 2x2 matrix M, this can be simplified

further to lie solely in the b vector space (so that we may drop the subscripts):

1 —
W(NLS) (x; )\>M) — ZV(HM)(:U; A, ,u) = —(I[ + Ws(x; u))eu (]I + WS(JC; ,u)) 1.

= A
(2.2.22)
Using the W-matrices found by inserting the NLS U-matrix into (2.2.6), the
limit A — oo supplies the V-matrices corresponding to the conserved quantities
stated in (2.2.14). As a trivial Hamiltonian will provide trivial equations of motion,
the V-matrices corresponding to any trivial conserved quantities will themselves be

trivial. Consequently, the series of V-matrices for the NLS model starts at order 1:

YINLS.D) — : (2.2.23)

13
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and continues to higher orders:

V(NLS,Z): A 77Z)
v 0

Y

2 _ 2 7 7.
wousa o - w (2.224)
R (U
s _ [ A AP+ @D —v) X+ (5~ 26wP)
N — M+ (7 = 20 [4]?) MNP = (W' —yi)

The V-matrix presented in the original NLS Lax pair, (2.1.2), is then recognised as
the third-order term, up to a shifting by some constant factor:
)\2
Yy INLS) — y(NESS) _ Z (2.2.25)
2

If we instead use the HM U-matrix in (2.2.6), and expand (2.2.22) in the limit

p — 07, the first three terms are:

V(HM’O) _ _—]I _ —S,
C

1 1 1
S+ -—=5'S, (2.2.26)

V(HM,l) — -
4)\2 4e? 43\

-1 1 1 1 3
(HM,2) _ | rQ "o 1\ 2
v 4)3 4e)\3 S+ 43 )\2 59 4¢3\ 85\ (5)°8.

After removing the overall commuting constant factors and scaling by —2¢, the
second of these can be identified as the V-matrix in the original HM Lax pair

(2.1.3):
1

v(HM) —_9 V(HM,I) -
o + e

I). (2.2.27)

It is the identifications of UNYS) with VINLS2) and UHM) with VHEMO) (up to some
constant factors), that suggest the introduction of dual pictures for these models,
with the roles of time and space switched. This is addressed in Chapter 3. Before

we do that though, we discuss the changes that need to be made to this construction

14
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to account for having non-periodic boundary conditions, as well as how this picture

fits to models with discrete space dependence.

2.3 Continuous Open Boundary Conditions

2.3.1 Conserved Quantities

In order to study systems with open boundary conditions, we need to introduce some
K -matrices that are associated to the &L boundaries, and have a dependence on
some boundary fields and an additional spectral parameter. In order for them to
be used in generating conserved quantities, we require that they satisfy the classical

analogue of the (static) quantum reflection equation [20, 21]:

0= Kia(Nra(N+ ) Kxp(p) — Kep(p)rap(A 4 ) K o(A)
(2.3.1)

+ [rab()\ - H): Ki,a()‘)Ki,b(Mﬂ'

For our choices of r-matrix, (2.1.7), the most general choice of K -matrix (up to

some rescaling and gauge transformations) is [22]:

J
ES90) = K™ ) = axl+ A [ ! (2.3:2)

Y+ —0x
where a4, B+, 7+, and d4 are some constants that describe the boundary conditions
being considered®. In this thesis we only consider the non-dynamical case where
the constants have no time dependence® (and when we move on to discuss time-like
boundary conditions, we shall assume that the equivalent constants have no space
dependence).

These K -matrices are introduced into the transfer matrix tg as [20]:

ts(N) = tr { K. (\)Ts(L, —L; ) K_(N\)Tg (L, —L; =\) }, (2.3.3)

5The reflection equations satisfied by K, and K_ actually differ by a minus sign in the spectral
parameter, but this factor can be absorbed into the S, v, and d so that the boundary matrices
both take the same form.

SIntroducing a time-dependence into the K-matrix would result in a Poisson bracket between
the K-matrices on the left-hand side of (2.3.1), in the manner of (2.1.8) or (2.2.2).
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and from this definition it follows that:

[ts(\), ts(i) s = 0. (2.3.4)

Much as in the periodic case, we will consider the generator Gs(\) = In (t5())),
as this will supply us with the known Hamiltonian. When we diagonalise the Ty !

we use:

1

T (z,y; —N) = (IT+ Ws(y; —)\))e_ZS(x’y;_’\) (I+ Ws(z;—N) (2.3.5)
instead of (2.2.5). Consequently, as the highest order term in Zg is A for the NLS
model and A~! for the HM model, the effect of the — sign outside of the Zg and

the change in sign of the \ will cancel out, so that the appropriate limit of the

exponential term will be:

o 28 N L o2 @uNg o O™ ),
(2.3.6)

_ (HM) . _ »(HM) . _
e ZS ($,y, >\) — e le,S (fﬂ,y, A)611+O(e A).

Consequently, the expansion of the generator Gg will be:

Gs(N) = Zus(N) = Zins(=N) + I ([ (T Ws(Li =) T KL ) I+ Ws(LiV) | )

1

+1n ([(]I + We(=L; N) K-\ (T+ We(—L; —A))] 11) ,

(2.3.7)
where the [...];; indicates that we are only considering the ijth component of the
matrix inside the brackets. Due to the Zy1 g(\) — Z11,6(—A) comprising the bulk
Hamiltonian, it immediately follows that all of the conserved quantities that ap-
peared at even order in (2.2.14) (namely, Qé,NLS’Q) and QéNLSA)) and (2.2.16) (namely,

géHM’O)) will be 0. The remaining non-trivial NLS conserved quantities from (2.2.14)

16
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are given by [23]:
5(NLS,1) L 1 -
Gs / [Pde + = (ar + By — 720 |,
- -

T GO XV | (2.3.8)

L
GO _ / (") — []*)dz + B(L) — B_(~L),
~L
where:

L= =209 + i(ﬁi(w” = 20[0) — 72(¥" — 20[Y[) F 202 [¢%)

(2.3.9)
1 - _
+ sy (Bet — 79 £ 0s) (Bt — 120)
+
while the remaining non-trivial HM conserved quantity from (2.2.16) is [24]:
g™ _ =L [ (5 (802 do+ L [26,8. + 5,8 S
s =53 7L<+—+(z)) x+2a+c[ +9 + BeSy + 74 —LC:JFL
- 265, 4+ Sy +~-S_] __,.
2a_c¢ v=—L
(2.3.10)

These remaining conserved quantities can be recognised as G SNLS Y and ggNLS’?” from
(2.2.14) and QSHM’I) from (2.2.16), up to boundary contributions and an overall
factor of 2. As Q(NLS 2) and géHM’O) were associated to the total momentums of their
respective systems, and are trivial in this setting, we can infer that the momentum

is no longer conserved in either model when boundary conditions are introduced.

2.3.2 V-Matrices

By following an analogous derivation to that of (2.2.20), we can derive the generator
of the V-matrices corresponding to the conserved quantities generated by Gg. There
are three cases to consider in this setting [25], corresponding to the V-matrices in
the bulk (labelled Vg), and the V-matrices lying at each of the two boundaries
(labelled V. for the z = £ boundaries). The generator of the bulk V-matrices is

17
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(the parameter dependence on the left-hand side is suppressed for compactness):
VB,b = {gl(ﬂ>tra {K—F,a(M)TS,a(La ;5 /’L)T(lb(u - )‘)TS,a(x7 _L; M)K—,a(M)Tg’;(_M)

+ Kp (i) Ts,a() K o) T (x, =Ly —p)rap(p + N g g (Ly 25 —p1) }

(2.3.11)
while the generator of the V-matrices at the positive boundary is:
V—&-,b()‘a M) = {§1<N)tra {K—,a<N)T§,;(_M>K+,a(:u>rab(/11 - A)Ts,a(/vb)
(2.3.12)
HE_ (1) Tsa (—1)ran(pe + N Ky a(1)Tsa(p0) }
and the generator of the V-matrices at the negative boundary is:
Voo ) = 51 () tra { Kv (1) Ts o ()ran (i — N E -0 (1) T g (—12)
(2.3.13)

K4 (1) Ts0 (1) K (1) ran (1t + M) Tg 0 (=) } -

If we expand these three generators in the appropriate limit of u, the even ordered
terms are all trivial (VINUS2) and VNLS) in (2.2.24) and VMO and yVEM2) iy
(2.2.26)), corresponding to how the G were constant. In the limit as y — 0o of
the generator of the NLS V-matrices, the remaining non-trivial terms from (2.2.24)
are the order p® matrix (which is the one we are interested in), where we define

£+ = B — y41), split here into its bulk and boundary contributions:

2 h12 NaT T
OIS 3) = 2 N — 2 Np 4+
Ap — ) Kl
- )\2 . 2 A n
sy =2 (VT M) ey (0
Moo ul?) 0% 7 0
(2.3.14)
1 f:i: _)\ﬁ:i: 1 /
+ E(O‘ﬁ: +&s) o + Egﬂ:
1 Bt + v + &4 2281 + 2B+ |Y? £ 2059
Ot —A2ys + 29+ |Y)? F 2049 — (B + 120 + €L) 7

18
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and the order p! matrix (also split into bulk and boundary terms):

_ 20
V](SNLS,I) (ZU, )\) _ ’
0 0
(2.3.15)
V(iNLS,l)(/\):i 0 Bt n 2 0
0x \ vy 0 00

When the HM model is considered instead, the limit as yu — 07 of these generators

gives the only non-trivial term up to order p? (to match with (2.2.26)) as:

~ —1 1 1
(HM1) oy
Vi (s A) = 2/\211 — 20A25+ 2CBAS’S, (2.3.16)

-1 1 faSy —y£S- 2(6LS- — BLS,)
207 2eN dawed \9(q,8. — 6.5,) a5 — BiS,

VE‘:HMJ) ()\)

In order to extract the boundary conditions from the open Hamiltonian, we
simply calculate the equations of motion as usual (through the Poisson brackets and
Hamilton’s equation), except gathering all of the boundary terms that arise (either
from the integration of total derivatives in the bulk Hamiltonian, or from the Poisson
bracket of the fields with the boundary Hamiltonians). We then impose the sewing
conditions that the equations of motion away from the boundary smoothly transition
to those at the boundary, i.e. that lim, 4 w(aj) = &(iL) and hmaHiLgZ(x) =
@(j:L) for the NLS model and that lim,_,+; S,(z) = S,(+L) for the HM model.

Similarly, in order to extract the boundary conditions from the V-matrices, the
condition that the equations of motion agree at the boundary manifests as the
condition that lim,_,1p, VB’b = Vi’b. Performing either of these limits yields the
same constraints on the fields, so they can be used as a consistency check for one

another. The boundary conditions that arise (through either of these methods) for
the NLS model are [23]:

By =7s =0, W (£L) = q:f;—iw, J(£L) = q:f;—i&, (2.3.17)
+ +
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while the conditions on the S, in the HM model are [24]:

2

(5480 =SS ] ., = i;_i [ T

2

5,80~ 8,8.] ., = ii—i (6254 —2S.] 4, (2.3.18)

2

, C
[S*Sz - SLSZL:::I:L - :i:a [5:‘357 o ﬁisz] r=%L"

2.4 Discrete Systems

2.4.1 The Equations of Interest

One of the key results covered in this thesis is the construction of the auxiliary
linear problem in the quantum spin chain setting in Chapter 4, with a suitable
generator of the temporal components of the Lax pair. Consequently, we briefly
cover the known results for classical semi-discrete systems. In Chapter 4 we discuss
the Heisenberg XXX spin chain and the quantum Ablowitz-Ladik model [26], which
are discrete quantum versions of the non-linear Schrédinger and isotropic Landau-
Lifshitz equations covered in Section 2.1. To connect these two pictures, we use
the classical Ablowitz-Ladik (AL) model [27] to demonstrate the key points of this

section’.

The AL model is governed by the evolution equations [27]:

at¢n = 2¢n - ¢n+1 - @Z}n—l + |¢n|2(¢n+1 + 7vZ)n—1>»
(2.4.1)

8,5@[1” = _Q&n + &n-ﬁ-l + @n—l - |wn|2(&n+l + &n—l)a

which, in the limit ¥, — A(An) and ¢ — A?%t, yield the continuous non-linear

Schrodinger equations (1.1.1).

"The discrete isotropic Landau-Lifshitz equation is not discussed here due to requiring a se-
lection of tricks that are needed for none of the continuous (Section 2.1), dual (Chapter 3), or
quantum (Chapter 4) constructions, so doesn’t serve as a useful connection.
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Just as in the continuous case, these equations arise as the compatibility con-
dition of a pair of equations, a discrete analogue of the auxiliary linear problem,
(2.1.1), which is also called the auxiliary linear problem (the context in which they
are referenced will be sufficient to determine whether the continuous or discrete

version is being considered):
\IjnJrl = Ln\Dn7 \Dn =0V, = A,V,. (242)

The matrices (L,, A,) are called the discrete Lax pair® for an integrable system
if the equations of motion for that system arise as the compatibility condition of
(2.4.2):

L= Api1Ly — LA, (2.4.3)

The Lax pair for the AL model is [26]:

L
e n

Lt =M, ’ ’ (2.4.4)
Y e

B

e)\wnil B e_)\wn —e + 2wn1ﬁn71 - @nwnfl +1

where N,, = (1—|#,,|?). In the same continuous limit as for the equations of motion,

as well as with A — A\, this converts into the continuous Lax pair, (2.1.2).

2.4.2 Poisson Brackets

Like in the continuous case, we extract the Poisson brackets for the system from
a particular combination of the spatial component of the Lax pair, L,, and an
associated r-matrix (which still needs to be a solution of the classical Yang-Baxter

equation, (2.1.6)). The specific relation between the two is [17]:

{La,n()‘>7 Lb,m(:u)} = [Tab()‘ - M)v La,n<)‘)Lb,n(:U')] 5nm7 (245)

8As with the auxiliary linear problem, whether the discrete or continuous Lax pair is being
referred to when the generic name “Lax pair” is used will be clear from context.
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where 6,,, is the Kronecker delta function?. Note that this has the same form as

the Poisson bracket between the continuous monodromy matrices in (2.2.2), which
shall still be true when we consider the discrete monodromy matrices, (2.5.2). In
the continuum limit this reverts back to its continuous analogue (2.1.8), as detailed
in [28, 29].

The r-matrix of the AL model takes a different form to the r-matrix for the NLS
model. Instead of (2.1.7), we have:

erde ™ 0 0 0

1 0 3™ —1 0

et —e” 0 -1 3e* 0
0 0 0 er+e?

In the continuum limit used for the Lax pair, A — A\, this reverts to the r-matrix
used for the continuous NLS model, (2.1.7), up to some additive commuting factor.
Inserting the AL Lax matrix and r-matrix into (2.4.5), we find the Poisson

brackets between the fields in this model:

{1/Jn>1/_}m} - (1 - ‘wn‘Q)énm (2.4.7)

2.5 Discrete Periodic Boundary Conditions

2.5.1 Conserved Quantities

As with the continuous case, we start by defining the transport matrix 7" as a
solution of the spatial component of the auxiliary linear problem, (2.4.2), in place
of U,:

T(n,m; ) = Lp,(N)...L(N), (2.5.1)

and for a system lying on the discrete interval {1,..., N}, we call the transport

9Because the equal-space construction is only valid in the continuous case (as in the discrete
case the dual picture would be considering some discrete space-evolution, and the idea of a Poisson
structure (which the dual picture is built upon) does not exist in this setting), we do not need the
s subscript on the Poisson bracket.
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matrix that covers the whole interval the monodromy matrix 7T'(A) = T(N, 1; ).
Due to both the commutator and the Poisson bracket obeying the Leibniz rule, it

immediately follows that if L,, satisfies (2.4.5), then the monodromy matrix satisfies:

{Ta()‘)7 Tb(ﬂ)]’ = [Tab(/\ - :U’)v Ta(/\)Tb(/“L)] (252)

For a periodic system (Lyy1 = L) the trace of the monodromy matrix (called
the transfer matrix), t(\) = tr {T(\)}, Poisson commutes with itself for any choice
of spectral parameters, {t(\),t(1)} = 0. Therefore, if the transfer matrix t(\) is
written as a power series in A, the coefficients at different orders will also Poisson

commute with one another:

{t® {9} =0, (2.5.3)

where the coefficient of A* is labelled ).

If L,(\) contains [ different A\ dependencies (for example, the AL Lax matrix
(2.4.4) contains three, e*, e, and A°), then the expansion of the monodromy
matrix defined through the product (2.5.1) will contain ((I — 1)N + 1) terms (e.g.
the expansion of the AL monodromy matrix will contain (2N + 1) terms, everything
from e=N* through to eM). Then, because the Liouville-Arnold theorem defines a
system with a finite number of degrees of freedom 2N as integrable if it has at least
N Poisson commuting integrals of motion, and the expansion of the monodromy
matrix provides ((l —1)N + 1) Poisson commuting quantities, we see the first hints
of integrability (as each site along the spatial axis will provide two degrees of freedom,
and assuming that the Lax matrix has a non-trivialisable A dependence).

By considering the time derivative of t, it is straightforward to see that it is

constant:

t=tr {T}
N .
=tr {Z LN...Ln+1LnLn—1~--L1} (254)
n=1

N
=> tr{Ly...Loj1Ans1LnLn_1. Ly = Ly Ly Ly Ap Ly 1. Ly}
n=1
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and by using the periodicity of the system under consideration to shift the summed
index in one of the terms, this cancels out. Consequently, t is a generator of Poisson

commuting conserved quantities, providing the integrability of the system.

Unlike in the continuous case (and much for the better), the expansion of the
transfer matrix can be explicitly calculated with relative ease, as it is merely a
product of matrices, although we will once again be interested in the conserved

quantities generated by the logarithm of the transfer matrix G(\) = In (¢(\)).

Example: Ablowitz-Ladik

The two ends of the expansion of the monodromy matrix built from the AL Lax

matrix, (2.4.4), will be at order e V* and e™*:

T(AL):NN”N1 oA 00 4 e(I=MA 0 ¢n 4+ e@=NAPAL2-N) |

0 1 P10
L e(N=2AP(ALN=-2) | ((N-1)A 0 W + M Lo , (2.5.5)
Yy 0 0 0
where:

)

0 Zn 2/}n—s—ﬂZn - zEN¢1
(2.5.6)

TALN-2) _ > Una1thn — N1 0
0 Ny

After taking the trace of this, the expansion of the transfer matrix is:

N N
(AL — Ny..N; [e ™™ 4+ e(2=N)A Z wnH@En + .. 4 N2 Z @Znﬂzpn + em‘]
! "~ (2.5.7)
In fact, due to the order A\° term in L,, being purely anti-diagonal, we can see that
every second term in the expansion of t(\) will be 0 because of the trace. In order
to expand G and find the conserved quantities that we are interested in, we need

to choose which end of the series to focus on. In the limit as A — 400 the leading
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term will be eM*, so that the expansion of the logarithm gives:

N N
Q(AL)()\ N —i—oo) =N\+ Z In (Nn) +e 2 Z 1/_1n+1¢n
n=1 n=1

(2.5.8)

N 1

+ Y (a1 [al®) + 5E2082) + o
n=1
while in the limit as A — —oo the e™™* term will dominate, giving:
N N
GAD(N = —00) = =NA+ 3 In(No) + ¢y thnsathy

n=1 n=1

(2.5.9)

N
— 1 _
3 (Wnrtna (L [nf®) + G00000) +
n=1

In order to extract physical quantities from this we need to add the equivalent

order results from both ends. Doing this gives the first three conserved quantities

for the AL model as:

N
" =2>"In(N,),
n=1

N

Z(&n—l—liﬁn + 77Z)n+11/_}n>7 (2510)

n=1

12(AL)

N

_ - 1 - 7
LEAL) = Z ((1 + |¢n|2)(¢n+1¢n—1 + Ynp1¥n-1) + 5( 2+1¢721 + 1/1721+1¢2))-

n=1

As can be seen these are all local quantities, with the non-locality of the order e*4*

terms having been removed by the logarithm. The combination:

N
H(AL) = ]2(AL) —+ [O(AL) - Z(&n-ﬁ-lwn + Qpn-ﬁ-l&n + 2In (Nn))7 (2511)

n=1

can be recognised as the Hamiltonian for the AL model [26], such that using it in
Hamilton’s equation with the AL Poisson brackets, (2.4.7), returns the AL equations
of motion, (2.4.1).
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2.5.2 A,-Matrices

For each of the conserved quantities generated through the method of the previous
section, I,,, we can associate a corresponding time flow ¢,, such that the conserved
quantity generates the evolution of the fields along ¢,,. Each of the resulting evolution
equations will also arise as the compatibility condition of a Lax pair. As the spatial
component, L,, supplies the hierarchy of conserved quantities, it is the A,-matrix
that will differ between each of these systems.

As in the continuous case, we can derive such a generator by considering Hamil-
ton’s equation with the entire generator of the conserved quantities, t, in place of
the Hamiltonian, and equating this to the zero-curvature condition (but with the

generator of the A,-matrices, labelled A,,):
OrLm = By ni1(A, 1) Ly (A) = Lipn(A)Ap (A, 1)
= {ln tra{Ta(N)}a Lbn()‘)}
(2.5.12)
= t71<,u)tra {La,N(M>“'La,1<ﬂ)a Lb,n()\)}

=t Y1y {Lan--Lani1[Tar(it — A); Lan (1) Lyn(MN)] Lam—1---La1}

where ¢ is the universal time flow. By expanding the commutator in the last line of

this, we can see that the generator for the A,-matrices is:

An (A 1) = 7 ()tra {Lan (1) Lam(1)rap (it — A) L1 (1) Laa ()} - (2.5.13)

If we expand this generator about powers of u, the coefficient of u* will be the
A,-matrix that generates the same equations of motion as the conserved quantity
appearing at order p* in the expansion of G(u). We could repeat this calculation,
but starting from the generator t(\) instead. Then, the generator of the A-matrices

would be:

ATL()‘v :u) = tr, {La,N(u)"'La,n(/JJ)Tab(:u - )‘)La,nfl(ﬂ)"'[’a,l(u)} : (2514)

26



Chapter 2: Standard Hierarchies

Example: Ablowitz-Ladik

Just as for the conserved quantities, we need to consider both limits of this model,

A — Fo00. In the limit as A — +o0, the first four A,-matrices are:

A;AL—O) _ L0 ’ A%AL,—l) _ A;AL,—S) — 07
0 0
(2.5.15)
A(AL’_2) _ 282)\ =+ Q&nwnfl _eAIEn
—6A¢n—1 362)\ + '(ann—l
In the limit as A — —o0, the first four A,-matrices are:
AglAL,O) _ 00 ’ Aq(»LAL’l) — A;ALB) — O,
0 1
(2.5.16)
A(AL,Q) B 3e2 + 77Z)n1/_}n—1 _e_/\qu_)n—l

_ei)\wn 2672)\ + Q@Dn&n—l

so that, just as the Hamiltonian was built by combining the results from each end
and adding the zeroth and second order terms, the temporal component of the AL

Lax pair, (2.4.4), is built as:

A(AL) _ (A;AL,Q) + ASIAL,—Q)) + (A(AL,O) + A;AL,—O)), (2‘5‘17)

n n

up to an overall factor of 3(e=?* — e?*)I, which can be seen to leave the equations of

motion invariant by looking at the zero-curvature condition, (2.4.3).

2.6 Discrete Open Boundary Conditions

2.6.1 Conserved Quantities

When we introduce non-periodic boundary conditions into models with discrete
space, we need to introduce Ki-matrices that lie at the n = N 4+ 1 (for K, ) and

n = 0 (for K_) boundaries. These are equivalent to the K -matrices from the
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continuous discussion in Section 2.3, and as they were introduced at the level of
the monodromy matrix through Sklyanin’s double-row transfer matrix, (2.3.3), and
the monodromy matrices in both the continuous and discrete cases satisfy the same
algebras, (2.2.2) and (2.5.2) respectively, the K.-matrices appear in the discrete

transfer matrix in an identical manner:
t) = tr {K. ()T (N, L, N)K_(\T'(N,1;,-))}, (2.6.1)

and need to satisfy (for non-dynamical boundary conditions, which are all we con-
sider) the static classical reflection equation, (2.3.1). The conserved quantities that

we are interested in appear as the coefficients in the expansion of G(\) = In (t(\)).

Example: Ablowitz-Ladik

The Ablowitz-Ladik model has previously been considered in the case of non-periodic
boundary conditions in [30] and [31]. We re-derive their results for comparison

against the open quantum Ablowitz-Ladik model discussed in Chapter 4.

The most general K -matrices that solve (2.3.1) with the choice of r-matrix for

the AL model are:

KPP () = : (2.6.2)

0 er +are?
where a4 are free parameters that lie at the two ends of the system, o at (N + 1)
and a_ at 0. Expanding the double-row transfer matrix as A — 400, the first two

non-zero conserved quantities are:

N
Y =m(as) + () =Y In(N,),
n=1
(2.6.3)
_ 1 1 Nl _
IE[;L) = ENN + a_Nl + Z(wn+1¢n + ¢n+1¢n)~
- n=1
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In the A = —oo limit, the first two non-trivial terms are identically:

N
I(()AL) ln (Oé+) +].Il( ) - Zln (Nn) )
n=1
(2.6.4)
N-1
12(AL NN + _Nl + Z ’(/)n-i-ld]n + ¢n+1¢n)

The closed Hamiltonian was found by taking the sum of the results in the two
limits, however we can see here that the open Hamiltonian arises from either choice

of limit (after removing the constant factors of ay from I_éAL)):
. F(AL F(AL) _ F(AL F(AL
HAY =[G oY) — [(*M) _ oA
1 (2.6.5)

= " (n1¥n + Ynar ) +2 Z In (N,) + —NN - —N1

+

2

n=1

When we consider the Poisson brackets of this with the fields, we need to consider
the bulk and boundary separately. In the bulk (that is, away from n = 1, N), we

find the original equations of motion, (2.4.1):

3%% = 21% - Nn<wn+1 + wnfl)a at&n = _2&11 + Nn(@nJrl + &nfl)- (266)

At the n = N boundary, we find:

Opn = 2¢n—Ny <¢N 1= w—N> ; Oon = —2¢ny+Ny (wN 1 — w—N) , (2.6.7)
QL Qo
whereas for the n = 1 boundary we get:
Ophpr = 24 — (wz — ﬂ) : o1 = =21 + N (&2 — ﬂ) . (26.8)

These agree with the results in [30] and [31].

2.6.2 A,-Matrices

The final thing to do for the discrete models is to construct the A-matrices that

provide the same boundary results as were found from the open Hamiltonians in
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the previous subsection. To do this, we follow the derivation of the generator for
the A-matrices with closed boundary conditions, (2.5.13), but replace the initial
transfer matrix t with the double-row version t, from (2.6.1). The generator of the

open A-matrices in the bulk is then:
Ab,n - E_1(/“L)tra {Ka,—i-(/ub)Ta(N? n; N)Tab(:u - A)Ta(n - 17 1; M)Ka,—<:u)Ta_1<_/“L)

_Ka,-i—(:u)Ta(;u)Ka,—(M)Ta_l(n - 11 _:u)rab(_:u - A)T(;l(Na 3 _:u)} )
(2.6.9)

where, in order to find the boundary results, we replace the appropriate monodromy
matrices with the identity. By thinking of the zero-curvature condition, we can see
that the n = N boundary needs the matrix Ax,q, so the positive boundary is

generated by:

Ap i1 = T () tra { Koy ()ras (e — N T () Ko, (1) T, (—12)

(2.6.10)
Ko ()T (1) Ko ()T (=) ran(—p = A) } -
At the negative boundary (n = 1) the generator is instead:
Apy = TN ()t { Ko (W Ta(p0)ran(p — N Ko ()T (—12)
(2.6.11)

Kot (0T (1) Ko ()~ — N, (—10)}

When these are expanded about powers of y, the coefficients of ;% will give the
same equations of motion (through the zero-curvature condition) as the open Hamil-
tonian (through Hamilton’s equation) that appeared at order p* in the expansion

of G.

Example: Ablowitz-Ladik

Expanding the bulk generator, (2.6.9), with the Ablowitz-Ladik r-matrix, (2.4.6),
and Ki-matrices, (2.6.2), provides the open A-matrices for the AL model. Because
the results found from the two separate limits are the same, we only need to consider

the limit A — oo, where the first two non-zero A-matrices (recalling that the odd-
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powered terms are trivial) in the bulk are:

AP = — : (2.6.12)

20 + wnd_}nfl - 2r&nwnfl eAQZn - e_k&nfl
0 3 e)\wn—l - e_A¢n 21@#%-1 - wrﬂ/_)n—l

while at the positive boundary we have:

AQHY = - , (2.6.13)
0 3
2 0 L 2 —(Ler e MY
Ag\éjji2) — _(62)\ _'_ 672)\> _|_ Qo |¢N| (a+ )wN

03 (e + e L
and at the negative boundary:

2 0
AP = — , (2.6.14)

0 3
AgAL,Q) _ _(eg>\ + e_z)\) + a_ |w1| ( a_ )77[)1
03) \-Gze*+e™dr TRl

Finally, in parallel to how the open Hamiltonian was constructed, we find the
time halves of the AL Lax pair in the presence of open boundary conditions by

considering:
AP = AP oA (362 4 207 +5)]

ASLAL) _ ALAL’Q) - 2A£ZAL,O) + (362)\ + 26—2)\ + 5)]1’ (2615)

AQH = AR — 20T + (3e® + 2672 4 5)1,
where the extra constant commuting factors are merely added to make the expres-

sions simpler.
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Dual Hierarchies

By considering the equal prominence of the space and time coordinates in the La-
grangian picture of a (1+1)-dimensional system, a dual Hamiltonian formulation of
the non-linear Schrédinger model was constructed in [13], which had equal-space
Poisson brackets (in place of the equal-time Poisson brackets) and dual integrals
of motion that are conserved with respect to space-evolution rather than time-
evolution. We focus here on the Lax pair construction rather than the Lagrangian
picture emphasised in previous works.

In this chapter, we repeat the dual construction of the non-linear Schrédinger
model (from [13]) and build the dual construction of the isotropic Landau-Lifshitz
model in the language of Lax pairs. It follows mostly in parallel with Chapter 2,
with the only divergences being where we emphasise important differences between
the two pictures, such as in the limiting procedure of the exponential in the case of
open boundary conditions, and where we digress to give an example of how this dual
picture can be used to find integrable systems depending non-trivially on additional
fields.

Section 3.4 considers the introduction of time-like boundary conditions. This
idea was first introduced in [11], where it was applied to the NLS model, and was

later applied to the HM model in [10]. The chapter is built out of these two papers.
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3.1 Poisson Brackets

The first step in this dual construction is defining the equal-space Poisson brackets
(3.1.8) through the use of the r-matrix and an analogue of the linear algebraic
relation. However, as the hierarchy will now describe a series of commuting space
flows, the 1" and ¢’ in the NLS V-matrix (2.1.2) and the S’ in the HM V-matrix
(2.1.3) will all be derivatives with respect to a specific space flow. For the NLS
model this will be the 2nd order flow, x5, while for the HM model this will be the
Oth order flow, xg. These choices of flow will be justified later. Consequently, to
prevent later confusion, we define these as some new fields, ¢ and ¢ for the NLS
model and X, for the HM model.

These new fields will be identified with their appropriate derivatives when we
consider the equations of motion for the appropriate dual Hamiltonian or V-matrix
(namely, the 2nd order results for the NLS model and the Oth order for the HM
model). Specifically, these results can be seen in (3.2.14) for the NLS model and
(3.2.17) for the HM model. When we work with the equations of motion found from
a different space flow (as we will in Section 3.3), these new fields will be shown to
act as wholly independent fields, with their own distinct space-evolution.

With these new fields, the NLS V-matrix that we consider is:

(NLS) _ /\2_2 P X+

) (3.1.1)
Mp—¢  —A + [P
and the HM V-matrix is:
poy Lo L ogg (3.1.2)
2)\2 2¢2 )\
with:
Y, X_
Y= ) (3.1.3)
Yy =X,

In the standard picture the Poisson brackets are related to the U- and r-matrices
through (2.1.8), so we would expect a similar relation between the equal-space Pois-

son brackets and the V- and r-matrices. Indeed, in the original works [12, 13] the
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dual NLS Poisson brackets were extracted from the Lagrangian picture and then

written in terms of the standard Yangian r-matrix through:

{Va(tr, ), Vo(ta, 1)} = [ran(X = ), Va(tn, ) + Vi (ta, )] (6 = 1), (3.1.4)

By describing the NLS space-flow as a particular choice of one time-flow in an
underlying (0 + 1)-dimensional system, a similar r-matrix structure was provided
for the whole NLS hierarchy in [32]. As that process built off of the underlying su,
form of the Lax matrices, it will apply to the HM model as well, allowing us to
consider the dual construction of the HM model in terms of (3.1.4).

For the NLS model, inserting both the modified V-matrix, (3.1.1), and the same
r-matrix as for the standard construction, (2.1.7), the dual Poisson brackets between

the four fields are:
{i(tr), ¥(t2)}p = {0(t1), P(t2) }p = 0,
{(t1), d(t2)}r = {¥(t1), p(t2)}r = 0, (3.1.5)

{0(t1), d(ta)}r = {(t1), p(t2) b = 8(t1 — t2).

These take the form of two conjugate pairs, (¥, ) and (1), ¢).
When we insert the modified HM V-matrix, (3.1.2), and the original HM r-
matrix, (2.1.7), into the expression for the dual Poisson brackets, (3.1.4), the dual

Poisson brackets for the HM model are:
{S4(t1), So(t2)}p = {S+(t1), S-(t2) }r = 0,
{84(t1), Ba(t2) b = {5:(11), B (t2) b = S5, 6(t1 — ta),
{S:(t1), B2 (t2) b = =545 0(t1 — ta),
(3.1.6)
{Sx(t1), Bs(ta) by = SLO(tr — 1),

{Sx(t1), S (t2)}p = —(252 + S1.5-) 6(t1 — ta),

{201 (tl)a Yo, (tQ)}T = (501202 - 201302) 5(t1 - t2)'
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As well as sharing the Casimir element ¢* = S? + S,S_ with the original model,

these brackets have an additional commuting quantity:
=285, +5, % +5.%,, (3.1.7)

where, in reference to how ¥, = 0,,5, in the HM model, we choose to set ¢ = 0.
Consequently, when the HM model is considered and we can write the Y, directly
as the derivatives of the S,, (3.1.7) becomes redundant as it is merely the derivative
of the original Casimir, (2.1.11). At any other level of the hierarchy however, we
cannot directly relate the ¥, and the S,, so the two Casimirs are distinct.
Introducing the fields >;, 3J,, and X, in analogy to S;, S, and S, these Poisson

brackets can be written more compactly by using the indices 4, j € {x,y, z}:
{Si(t1), S;(t2)} = 0,
{Si(t1), Bj(t2) }r = (8i; — i) 6(t1 — ta), (3.1.8)
{Zi(th), 35 (ta) b = (i35 — ;%) 0(t1 — ta),

where the two Casimir elements are now:

¢ =52+85+52, 0= 9,3, + 5,5, + 5.%.. (3.1.9)

Finally, by defining the quantities:

w=5, ¢ 1(§—&),

22\, S,
(3.1.10)
v = 92 o _i &_&
2 — Y 2_202 SZ Sy 9

the above Poisson brackets can be written in terms of two conjugate pairs (¢1, ¢1)

and (19, ¢2), where we use the two Casimir elements to discount two of the fields:

{?/Jl(tl)a %(b)}T = {¢1(t1)7 ¢2(t2)}T =0,
(3.1.11)

{0i(t1), dj(t2) }r = 040 (t1 — ta).

35



Chapter 3: Dual Hierarchies

Due however to the complicated form of the ¢;, we continue to work with the S,

and X, in what follows.

Further discussions on the Poisson structures arising here, as well as some more

general results, are presented in Appendix A.

3.2 Periodic Boundary Conditions

In both this section and the next (where open boundary conditions are considered),
we consider a system that lies on the interval [—7, 7], for some 7 > 0. The periodic
boundary conditions in this setting are then ¢(7) = ¥(—7), ¢(7) = ¢(—7), and their
complex conjugates for the NLS model, and S,(7) = S,(—7) and X,(7) = X, (—7)
for the HM model.

3.2.1 Conserved Quantities

The construction of the dual model follows in parallel with Section 2.2. The first
object constructed is therefore the equal-space monodromy matrix, T, which is a
solution in place of ¥ to the temporal half of the auxiliary linear problem, (2.1.1).
This is diagonalised (by analogy with the standard picture discussed in Chapter 2)

through the use of a diagonal matrix Zr and an anti-diagonal matrix Wy:

To(ti i) = Pexp | V(O

(3.2.1)

1

= (T + Wr(t; X)) eZr 2 (T4 W (to; V)~

Because we have chosen that the V-matrices satisfy a linear algebraic relation of
the form (3.1.4), the full equal-space monodromy matrix T () = Tp(7r, —7; A) will

satisfy a quadratic algebraic relation analogous to (2.2.2):

{TT,a()‘)7 TT,b(M)}T = [ran(X — p), TT,a(/\)TT,b(:u)]‘ (3.2.2)
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Taking the trace of the equal-space monodromy matrix we get the equal-space

transfer matrix, t7:

() = tr {Tr(\)}
(3.2.3)
— eZ11,T(>\) + eZ22,T(>\)

Y

which, by virtue of the equal-space monodromy matrix satisfying the quadratic

relation (3.2.2), Poisson commute for different spectral parameters:

{tr(A), tr(w)}r = 0. (3.2.4)

Finally, as these two series Poisson commute, so will each pair of the coefficients
tgc). Therefore, if we take the logarithm of these, Gr(\) = In (t7(\)), we have that

the coefficients in the series expansion of Gr(A) Poisson commute with one another:

{67,6} = 0. (3.2.5)

As in Section 2.2, in order to expand Gr we need to consider the leading order
contribution in each of Z1; 7 and Zs r. Consequently, if we insert the diagonalisation
of Tr into the temporal half of the auxiliary linear problem, (2.1.1), then we find

relations for the W and Z7p:

0= Wr + [Wr, Vo] + WeVaWr — Va,
(3.2.6)
Zp = Vp + VaWp,

where now Vp and V4 are the diagonal and anti-diagonal components of the V-

matrix, respectively. Expanding Wr and Z7 in powers of \ as!:

Wr(A\) = A, Zr(\) = > ARz, (3.2.7)
k=0

k=-2

'Note that due to the underlying V-matrix having a higher dependence on A (\? for NLS and
A2 for HM) than the highest dependence in the corresponding U-matrix (A for NLS and A~! for
HM), the Zp series will need to start at £k = —2 instead of k = —1.
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where again we switch from the NLS model to the HM model by replacing A= — X
due to the different limits being considered. We can then recursively solve (3.2.6).
Solving the first few orders of these, the first six Zp-matrices for the dual construc-

tion of the NLS model are:

(NLS,—1) (NLS,0
Z8 = zNS0 — g,

wesy [T T Lo
“r _/T(W o)t 0 -1/ (3.2.8)

T 1 0 v 0
7 (NLS,2) _ 4 a2 _ ) dt,
T /_T (11" = 1oF) 0 —1 0

T A P

0 Po— o

while for the HM model, the first three Zp-matrices are:

1 0
Z;HM’_Q)—CT ,
0 —1
Z{IM=D — (3.2.9)
Z(HM")):i/T ST+ (c—S.) s 0 —i(zz +32) PO
! 2¢ ) |7 TNo o) 22T T g ) |

In both of these sequences, the Z}_z) has positive Z:(p’_fl) and negative Z:(F;QQ), SO
that in the considered limits of A the €17 terms dominate over the eZ227 in (3.2.3).

This allows us to simply expand the generator of the conserved quantities as:

Gr=Zur+ .., (3.2.10)
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just like in the equal-time picture (2.2.13). For the NLS model, the first six dual
conserved quantities are therefore:

géNLS,—2) — 7 géNLS,—l) _ g:(FNLs,O) —0,

gsm&”=:/1<w¢-¢wyﬂ,

. (3.2.11)
6752 = [ (jwlt =167 — du)at,
60 — [ (5o —do,
the second of which, Q(TNLS’Q), we shall call the dual Hamiltonian for the NLS model:
1 = [ (o = of? — b (3:2.12)

Our reason for doing this is that if we combine this with the dual Poisson brackets

in (3.1.5) in a space-evolution analogue of Hamilton’s equation:

f/('rat) = {HT>f<x7t)}T7 (3213)
then we find four space-evolution equations:

Y =9, V=4,
(3.2.14)

¢ =200 — 4, & =202 + ¥

These can be recognised as the original equations of motion for the NLS model,
(1.1.1). As expected, the identification of the new fields ¢ and ¢ with the spatial
derivatives of the original fields ¢ and 1) appears as part of the dual equations of
motion.

For the HM model, the first three conserved quantities are instead:

F}HM,—Q) — e, g(THM,—l) —0,

(3.2.15)

o) _ 1 [T CgyS- 1 2
Gr = 5 /_T (SZ + (c SZ)S_ 202(2@, + 22)> dt.
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Focussing on the third of these, if we use the periodic boundary conditions to remove

any total derivatives and multiply by a factor of —2c, Q(THM’O) reduces to the dual

Hamiltonian for the HM model:

1 [ (5SS -8 1
H;HM):é/L( + c+S+ +§(E+E—+23>> dt. (3.2.16)

Using this in the space-evolutive Hamilton’s equation, the space-evolution equations
are:

S =13,

. . 1
Y. = +(58:S. — 9:85.) — gsi(zg:_ + 32, (3.2.17)

1

¥ = %(&S —S,5) — F3:(Z4 2+ %2,

which are equivalent to the original equations of motion for the HM model, (1.1.3).
Again, the identification of the new fields with the derivatives of the old arises

naturally from the space-evolution equations.

3.2.2 U-Matrices

Using the equal space Poisson brackets and the tower of equal-space conserved quan-
tities, we can generate a whole hierarchy of space-evolution equations associated to
distinct systems. Consequently, we will also be interested in generating Lax pairs for
each of these systems. By following the derivation of (2.2.20) and (2.2.22), we can
derive a generator U for the tower of U-matrices that partner with the underlying
V-matrix of each of our systems, (3.1.1) for NLS and (3.1.2) for HM, which can be

generally written as:

Ub(t; >‘7 p“) = t%l(/‘)tra {TT,a(Tv l; M)’f‘ab(ﬂ - )‘)TT,a(t7 =T :u)} ) (3218)

or by using the known results and properties for the r-matrix, as well as the diag-
onalisation of T’p, this can be reduced to an expression that lies only in one vector

space:

1 _
UNLS) (t;\, ) = QU(HM)(x; A\ ) = m(ﬂ—i—WT(t;M))eu (H+WT(t§M)) g (3.2.19)
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For the NLS model, when we expand this generator about u — oo, the first four

terms are:

UNLS,1) _

U(NLS2) _ A
v 0

)

(3.2.20)
pNLS3) _ N =[P M+ ¢
Mp—é JYf?

gossay _ (X AP+ @6 —00) NP0+
Np = Ag— ¢ N = (o — 1)

Up to the addition of a factor of —%]I, the second of these can be recognised as the

spatial component of the NLS Lax pair, (2.1.2):

[7(NLS) _ [y(NLS,2) _ %]1. (3.2.21)

Considering instead the HM model, the first three terms in the expansion of the

generator about g — 01 are:

govo = 1y g

AN ded

~1 1 1
(HM,1) __ o -
UMD = ST — 2§+ 555, (3.2.22)

-1 1 1 1 . 1
pEM2) — _ 7 S »S SS — 23,
4)\3 4e )3 + 43 )\2 + 4¢3 )\ 8cd\

If we remove the constant factor from the first of these and multiply by a factor of
—2¢, UHMO) can then be identified with the spatial component of the HM Lax pair

(2.1.3):
1

U(HM) — _9 U(HM,O) -
c( + o

). (3.2.23)

That these U-matrices agree with the known spatial components of the Lax pairs

guarantees that the equations of motion from the zero-curvature condition in this
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dual picture match the equations of motion arising from the zero-curvature condition

in the original picture, (1.1.1) for the NLS model and (1.1.3) for the HM model.

3.3 Higher Order Systems

The identification of the ¢ and >, with the derivatives of the ¢) and S, respectively,
appears as part of the equations of motion for the NLS and the HM models. If we
instead consider a different system in their hierarchies, these identifications will not

necessarily occur. We demonstrate this here for each of the two systems under study.

Non-Linear Schrodinger

For the NLS model, we consider the system at order A\* in the dual hierarchy. This
has Lax pair (UNS4) V) where V is the usual NLS V-matrix taken from (3.1.1)
and UNESA) s read from (3.2.20). If we insert this Lax pair into the zero-curvature

condition, we find the space-evolution of this new system:

W= —¢ — 20(dd — Vo),
W = 6+ 200 — ),
(3.3.1)

¢ = b — 200> — 20(Vg — V),
& =0+ 200 + 20(dp — V).

As stated above, these equations do not identify ¢ = 9’ and ¢ = ', so describe the
space-evolution for four distinct fields.
Isotropic Landau-Lifshitz

For the HM model, we consider the system at order A\? in the dual hierarchy. This
has Lax pair (Us, V'), where V' is the HM V-matrix taken from (3.1.2) and we define:

1
__ (HM2) | 1
U2 QC(U + 4)\3]1)
1 1 1 . 1
=——9—-——_N9—-—_88§ »28. 3.3.2
0”22 222" T 1in (3.3.2)
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Inserting this Lax pair into the zero-curvature condition, we find the space-evolution

equations for this new system. The space-evolution of the three original fields, S

and S, are:
R 1
s+=6—2(s+ — S, %)+ A L2+ 3,
g =l —s% Ly 24,y (3.3.3)
L= (80 = 5 E) + 5B (B + BB, 3.

1 1

while the space—evolution of the three fields ¥4 and X, are:

1 . . . 1 . .
Z/Jr - —2(24_22 - Z+22) + S+ + @E.FEZ(S_FS_ - S+S_>

C

1 . . , .
+ 57 (Z2(848: — 5,.5:) + TL(5-5. — 5_5.))

1

1 . ..
+ 54 ( (82 + 8:50) = (224 2,3)7),

. 1 . . . 1 ) )
E_ - E(E_Zz — Z_Ez) + S_ + 2_042_22(S+S_ - S+S_)

1

o (22(S_S. — S_8.) + X2 (548, — 545.)) (3.3.4)

- Ly 2,20,

1 . .
+ 5 (5((8:)2 +8450) = o5

1 1 : .
SL= (N0 -5+ S+ — (B2 - B 80)(SeS. — S480)

2¢? 4c

1 L , ,
+ 2_04(E )Y (S+Sz - S+Sz) + E.A,_EZ(S_SZ — S_Sz))

1 . .o 1
+ S, <§((SZ)2 + S+S—) - 2_66<Z§ + E-I—Z—)2>‘

These can be written more compactly in terms of the vectors S = (Sz, Sy, S2)T and

Y= (2,8, 2.)7T as

—»/ — N 1 — —

S = g(s x %) + @12122, (3.3.5)
i = = 1 = g =3 = = 1 1 — — =

= (5% 5) = SIEEE x §)+ S S<CQ\S|2 yzy ) + 55 (S x 9))
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3.4 Open Boundary Conditions

3.4.1 Conserved Quantities

Finally, we consider the effect of introducing reflective boundary conditions to the
time-axis. This idea was introduced in [11], where it was applied to the NLS model.
Due to the r-matrix structure for the dual model, (3.1.4), being identical to the
r-matrix structure of the original model, (2.1.8), we introduce boundary conditions
in an identical manner. That is, we start by choosing a pair of matrices, K, that
satisfy (2.3.1). Specifically, we use the same K-matrices as in the original picture,
(2.3.2):

KM 00 = KM () = ag I+ A o Pa , (3.4.1)

Y+ —Ox

where, just as in the standard picture of Chapter 2, we focus only on non-dynamical

boundary conditions. We introduce these K-matrices into the generator of the

spatially conserved quantities as [20, 11]:
tr(\) = tr {K, (N Tr(, = N K_(N) T (7, =75 =) } (3.4.2)

from which we can use the quadratic relation (3.2.2) and the defining relation for the
K-matrices, (2.3.1), to derive the time-like equivalent of (2.3.3), which tells us that
the t; Poisson commute for different spectral parameters. Again, we are actually
interested in the coefficients in the expansion of Gr(\) = In (t7()\)), which will also

Poisson commute with one another:
~(k) (i
(617,61 = 0. (3.4.3)

In order to evaluate the series expansion of Gr()\), as well as diagonalising 17

through (3.2.1), we need to also diagonalise 7' through:

1

Tfl(tl, tg; —)\) = (]I + WT(tQ; —A))e_ZT(tl’tQ;_)\) (]I + WT(tl; —)\))7 . (344)

An important point here is that when we take the appropriate limit in A of the

exponentiated term, due to the — sign in front of the Z; and the highest order term
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being (—A)*2 = A*2, the dominant term in the limit as A goes to co (for NLS) or
0% (for HM) will instead (contrasted against (2.3.6)) be:

efZT(tl,tg;f)\) N 67Z22,T(t1,t2;*)\)622 + O(ef/\¥2>. (345)

Consequently, when the diagonalisations are inserted into the generator Gy, we have

(where we suppress the parameters by defining f = f(—A) and Wa.g = Wyp(£7)):

Gr(A) =In (2 L (T4 Wy g)en (T+ Wor) ™!
(3.4.6)
x K_ (H + W,7T>€22 (H + WJr,T)_l}) )

which can be separated into the bulk contribution and the two boundary contribu-

tions:

Gr(A) = Zur(N) = Zopr(=A) + In (W (A)) +In (W_(N)), (3.4.7)

where we define:

W (V) = [T+ Wa(ri=0) " KN I+ Wa(rs V)]

21

(3.4.8)
W_ () = | T+ Wr(=730) " K_() I+ Wr(-7; =)

12

Non-Linear Schrodinger

The bulk contributions to the open integrals of motion are found by using the Zp-

matrices from (3.2.8) in (3.4.7):

g_’__(FNLS7_2) == 27—7 _’__(['NLS7_1) = G;NLS7O) = _,‘_(FNLS’]-) - 07
B S, T .« — =
g(TNL 2) _ / [2(‘1/44 — o) — (¥ — ww)] dt, (3.4.9)

5059 — [ (06 +d0) - 56+ ud)ar
Due to the logarithmic dependence of G on W, the lowest order contribution to
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the conserved quantities will appear at order \°. As the conserved quantity at this
order is trivial, we expect this to be constant. Indeed, the first three contributions

from the boundary terms are:

In (W, )50 = 1n (), In (W)™ — o,
In (W, )NES2) — % (2049 + 2610 + Y(Bs) — 749)), (3.4.10)

In (W) N5 = 96 — gy,

and:
In (W_)NES0 — 1 (5, In (W_)NESD —
In (W_)NES2) — %(za_qp —26_6 — (Bt —v_9)), (3.4.11)

In (W_)M5 = gy — g,
By combining these boundary contributions with the bulk conserved quantities
above, we can extract the dual open NLS Hamiltonian from the order A\=2 terms:

P = [ (2wt~ 167) - (96 - wd)] ar

—T

+ L (200 + 26,0+ (Bt — 11 D)) (3.4.12)

Y+

+ (205 = 266 = (B0 = 1-5).

Away from the boundaries, the Poisson brackets of F[:(FNLS) with each of the four
fields returns the space-evolution equations, (3.2.14). At the boundaries, however,
when the space-evolution is derived the condition that the fields at the boundary still
satisfy the usual space-evolution equations imposes extra conditions on the fields 1),
¥, ¢, and ¢, as well as the boundary fields o, S+, Y4, and d.. These conditions
are the time-like boundary conditions for the NLS model:

5:|::O7 7—&-:5—:17
(3.4.13)

Y(+7) = ay + Be(+7), Y(=7) = a_ +y_1p(—7).
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Isotropic Landau-Lifshitz

The dual construction of the HM model is comparatively straight-forward, as the
dual Hamiltonian appears at order \° in the hierarchy, so following the reasoning
from our NLS considerations we only need to find the first order contribution from
the boundary terms, In (W, ). The calculation is kept non-trivial, however, by the
fact that the order \° term in the expansion of W, is 0, so that the actual lowest

order term is:

1 ([ H2ay 7 S0 S.S S_S
vy 1 £(Oxk: v\ o _ +0x + 414
Wi 20( c (Sz+c i> 045 ﬁiSzzlzc ViSz:Fc)’ (3 )

so that the first three terms in the expansion of Gr are:

GEM=D) _ g0r GUM =L — 0, (3.4.15)

5(HM,0) 1 T S+S— - S+S— 1 Yoy v2) | g ( (HM, 1) (HM,1)>
= — - — _ t+In (W W% .
T 26/ < c—+ Sz 02( + + z) +1n + -

—T

Multiplying Q_(THM’O) by the factor —c gives the Hamiltonian with open boundary

conditions:

rr(HM) ’ L 2 S+S——S+S— _ (HM, 1) v y7(HM, 1)
Al _/_T (202(2+2+22)+ el K el (WD)

(3.4.16)

Using the same approach as for NLS, the boundary conditions can be extracted
from combining this Hamiltonian with the dual Poisson brackets. The requirement
that lim; 1, S, = S’ (£7) restricts us to the case ax = 0. If we combine this with

the requirement that lim; o, ¥/ = ¥/ (£7), then we find the time-like boundary

[

conditions for the HM model:

a4 = 0, ﬁiS+ + "}/iS, -+ 25iSz = 0. (3417)

3.4.2 U-Matrices

We can also find a generator for the U-matrices both in the bulk and at the bound-

aries. The generator for the bulk U-matrices will be (where we suppress the param-
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eter dependence on the left-hand side for compactness) [11]:
Upp = G (1) tra { Ko (1) Tra (7, ) ran(p — N Tra(t, =75 1) K- (1) T o (— 1)

+ K o(1)Tra(p) K o () Tr g (t, =75 —p)ran (i + N T g (7,6 —p) }
(3.4.18)

and, being mindful of the different limit for the T *(—pu), this can be reduced to:

U(NLS (£, 1) = UNES) (1 M)—F%(H‘FWT( ))egg(lH—WT(t; _,u))_la

+A
(3.4.19)
where U(t; A\, i) is the generator of the U-matrices with periodic boundary condi-

tions. The generator for the HM model is the same, except with s

1
2(ptA)
Unlike in the original case, where the second term differed from the first only by the

+)\

sign of the u, here it differs both by the sign of the p and in that the matrix e;; has

become egs. The boundary U-matrices are found by considering the generators:
Uy o (A 1) = G () tra { K- a(i) T g (=) Kt (1) ran(1 — N) Tra(p)

+K_,Q(I,L)Tj:’(11(_/’b)rab(/l/ + )\)K+,a<M)TT,a<N)} )

(3.4.20)
IU— ( ) {T tra {K+ a TT,a(:u)Tab(lu - >‘>K—,a(:u)T£clL(_:u)
FE 4 (1) Tra () K o (1)7an (i + N T (=) }
which, for NLS, can be simplified to:
(NLS) 1 1 1
OO0 = g (g (4 W) ena (T + Wil =) Ko
+ u—j—)\K+( )(H + Wr(; M))€12 (H + Wr(T; —M))_1> )
(3.4.21)
and:
r7(NLS) 1 1 -1
IU—J) <)‘7 M) = W_ (M) (,u — )\K—(M> (H + WT(_T; _N))eﬂ (H + WT(_T; M)))
+ /L—T—)\(]H_WT( M))ezl(H+WT(_T;M))_1K(N))
(3.4.22)
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The boundary generators for the HM model are relatedly [UiHII)VI ) = %T[_JiNbL 2

Non-Linear Schrodinger

Just as the first non-trivial conserved quantity in (3.4.9) is the Hamiltonian at order
A72, the first non-trivial U-matrix is the one corresponding to the Hamiltonian.
Also, as the order A\=3 conserved quantity is a total derivative, this turns out to also
be trivial. Consequently, the only open U-matrices we report here are the order A =2
ones. In the bulk, these are:

A 20

U2 — : (3.4.23)
2p —\

while at the ¢ = +7 boundary they are:

1 [ Ay +20 200 — 204 A+ 2
USFNLSQ) _ LM + + + By ’ (3.4.24)

T+ 2 My - 2040

and at the ¢ = —7 boundary:

AB= + 20_ 21
posa) _ L 4 v v . (3.4.25)

- Bo\2a_ —2M5_ +2v.00 —AB_ — 251

(NLS,2) _ (NLS,2)
= U

Requiring that lim;_,,  Ug gives rise to the same boundary conditions

as those found from the Hamiltonian approach, (3.4.13).
Isotropic Landau-Lifshitz

The lowest order term in the expansion of the bulk generator appears as the coeffi-

cient of u°, and is:

-1 /(S, S_
U}(SHM,O) o = oUEM0) (3.4.26)

2e\ S, -8,

where UHM0) ig the U-matrix appearing at lowest order in the periodic case. The

first non-trivial terms in the expansion of each of the boundary generators also
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appear at order p°. For the t = +7 boundary, this is:

M) 1 ap [Si(c+5.) —(c+8S.)?
(HML0)
2c(c+ S.) W) | A2 s2 8. (c+S.)

1 —B452 —vi(c+ 8.)* 2(c+S.)(61(c+ S.) +5+S+
2A 25, (0484 —v4(c+8.)) B8t +4(c+S.)
(3.4.

27)
while at the t = —7 boundary, it is:

pEMO) 1 a S_(c+5.) S2
. 2e(c+ S)WD | A\ (¢4 5.7 ~5_(c+85.)

1 B_(c+8S.)>+~-52 —25_(6_S_ = B_(c+S.))
AN\ =20+ 8)(0_(c+5.) +7-5)  —B(c+8.)2—~ 52
(3.4.28)
As with NLS, requiring that lim; ., U(HM 0 = UEEHM’O) gives rise to both the condi-

tion that ax = 0 (from the order A=2 terms) and that $.S, + v+S_ + 2045, = 0,
which agrees with the boundary conditions found from the Hamiltonian approach,

(3.4.17).

By comparing the time-like boundary conditions, (3.4.13) and (3.4.17), with
the respective associated space-like boundary conditions, (2.3.17) and (2.3.18), we
can see that there is no evident connection between the two. This asymmetry is
rooted in the fundamentally different dependence of the fields on the space and time

coordinates, as can be seen by comparing the forms of the equations of motion in

(1.1.1) against (3.2.14), and (1.1.3) against (3.2.17).
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The Quantum Auxiliary Linear

Problem

The theory of quantum spin chains is a well studied topic, with many of the tools
used in the previous chapters (such as the r-matrix and boundary K-matrices)
having originated in the quantum setting, and been translated into a classical context
through suitable limiting procedures. However, while the L-matrix (we only discuss
discrete quantum systems, i.e. spin chains here, so the discrete classical systems of
Section 2.4 are the closest classical parallel) alone does appear in the techniques of
quantum integrable spin chains, such as the quantum inverse scattering method or
the Bethe ansatz, its temporal partner (the A-matrix) is not commonly discussed.
This was in part due to the lack of a systematic analogue of the classical Semenov-
Tian-Shansky (STS) formula, (2.5.13). Such a formula was derived for both closed,
(4.1.16), and open, (4.3.15), spin chains in [14] (although the case of closed boundary
conditions was previously discussed in [33], and a similar result to that from [14]
was found) and is primarily what we address in this chapter.

The first thing we do therefore is derive a suitable quantum STS formula in
Section 4.1, then give examples in Section 4.2 with the XXX Heisenberg spin chain
(the model which the isotropic Landau-Lifshitz model studied in previous chapters
is the continuous classical analogue of) and the quantum Ablowitz-Ladik (qAL)
model [26], which is to be contrasted against the Ablowitz-Ladik model described
in Section 2.4.

As with the previous chapters, we then repeat the process for spin chains with
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open boundary conditions in Section 4.3 and work through the results for the open
XXX and qAL models (the AL model has previously been studied in the context
of open boundary conditions in [34]) in Section 4.4. It is in these open models that

we see particular non-trivial quantum corrections arising.

This chapter is built out of the paper [14], with the addition of examples using
the XXX model.

4.1 Time Evolution in Closed Systems

The quantum L-matrix obeys the spatial half of the semi-discrete auxiliary-linear

problem, (2.4.2), with some auxiliary vector W,,:
\Pa,n—i-l = Lanlpana (411)

so when attempting to introduce an A-matrix that describes the time-evolution of
the system, we do so in an equivalent manner to the temporal half of the auxiliary

linear problem:

WV an = AsnVan. (4.1.2)
The goal of this section is then to find a closed form expression for a generator, A,,,
of the A-matrices associated to a model described by a given L-matrix and r-matrix.
The Yang-Baxter and RLL Equations

The fundamental structure underlying quantum integrable models comes from the

Yang-Baxter equation [4]:

Rab()‘ - M)Rac(A>Rbc(u) = Rbc(u)Rac(A)Rab(A - :u)’ (413)

where R is a matrix that acts on two copies of an underlying vector space, V ® V|
with the subscripts denoting which two copies it acts on, so that the whole equation
actson V ®@ V ® V. The R-matrices are allowed to depend on some additional free

parameter, denoted by either A or pu, called the spectral parameter.
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In the classical limit R — I + ihr + ..., the Yang-Baxter equation becomes the
classical Yang-Baxter equation, (2.1.6), which was used for the classical models

studied in previous chapters.

In the quantum setting (in the Heisenberg picture), the time evolution of the

operators in a system is given by Heisenberg’s equation:
0,0 =i[H, O], (4.1.4)

where O is the operator in question and H is the Hamiltonian. Thus, if we want
to find the time evolution of a system, we need to first find expressions for the

commutators between the fields of the model. We do this through the RLL relation:

Rab(A - ,U)Lan<>‘)Lbn(,u) - Lbn(M)Lan()‘)Rab(A - M)? (415)

which can be recognised as the Yang-Baxter equation, (4.1.3), but with the ¢ vector
space distinguished (and labelled here as n) so that the matrices acting on it become

Lax matrices. It will be beneficial to rewrite this in a more explicit manner:

[Lan()‘>7me(N)] = (mab(/\_M)Lan()‘>Lbn(M>_Lbn(M)Lan()‘)%ab<)‘_M))5nm7 (416)

where we define for compactness Ryp(A) = I — Rap(A). The Kronecker delta factor
is introduced to more generally describe the commutativity of matrices acting on

wholly different spaces.

Generating Commuting Quantities

The generation of commuting quantities now follows the same process as for classical

discrete models, where we first define the transport matrix:
To(n,m; A) = Lan(N)...Lam(N), (4.1.7)

with n > m, and then the monodromy matrix as T, = 7,(NV,1). The monodromy

matrix satisfies an RTT relation, as can be found by using how objects acting on
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wholly different spaces commute with one another (so that Ly, Ly, = LpmLan for

a # band n #m) [18, 19]:
Rap(A = ) To(N)To (1) = To (1) Ta(A) Rap (A — ). (4.1.8)

The transfer matrix t is then defined as the trace of the monodromy matrix,
t(A\) = tr, {T.(\)}, and by making use of the RTT relation we can see that this
commutes with itself for different values of the spectral parameter. Consequently, if
this is expanded as a power series in the spectral parameter, the coefficients t*) of

M* will commute with one another:
[t )] = 0. (4.1.9)

As these coefficients all commute with one another, the logarithm of the trans-
fer matrix can be considered, G(A) = In(t()\)), and the coefficients in the series

expansion of that commute with one another as well:
[6®, G0 = 0. (4.1.10)

Each of the quantities generated in either of these ways can be treated as the
Hamiltonian governing the evolution along a distinct time flow. Then, as we know
that they commute with one another, this tells us that the other quantities will all

be constant in this system.

4.1.1 The A-Matrix Generator

In parallel to how the classical STS formula is derived, we start by using the transfer

matrix in place of the Hamiltonian:

AL (11) = 1[t(N), Lon (1)), (4.1.11)

where t denotes the “universal time” that contains all of the distinct time flows,

t=>_, A"t,. Then, as the L, commute with Ly,, when both a # b and n # m (that
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is, they act ultra-locally), the only term in the t that interacts with the commutator

will be Lg,:
0Ly (1) = itre {Tu(N,n 4+ 1; ) [Lan(N), Lon (1) | Ta(n — 1,15 0) } . (4.1.12)

Using the alternate form of the RLL relation, (4.1.6), we can evaluate this commu-

tator:

O L (1) = itrg {To(N,n 4+ 1; N)Rap (A — ) To(n, 1;N)} Lipn (1)
(4.1.13)

- iLbn(,U)tra {Ta(Na n; )‘)mab(A - M)Ta(n - 1a 1; )\)} )

however, by comparing this with the compatibility condition of the two halves of

the quantum auxiliary linear problem we are constructing, (4.1.1) and (4.1.2):
OtLan = Aant+1Lan — LanAan, (4.1.14)
it is evident that the generator of the A-matrices is written as [14]:
Apn (A, p) = itrg {Ta (N, n; )Rap (A — ) Ta(n — 1,1 A)} (4.1.15)
or by recalling the definition of fA:
App (A, p) = it(A)L — iBy,, (A, ), (4.1.16)
where we define:

an(/\v :u) = trg {Ta(N7 3 )‘)Rab()‘ - M)Ta(n -1 1; )‘)} : (4117)

To find the A-matrix associated to the Hamiltonian t*), we simply expand

(4.1.17) about powers of A and take the coefficient of order A*, labelled B and

bn

combine it with the Hamiltonian as:

AP (1) = W1 — BE (). (4.1.18)
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If we now insert this into the zero-curvature condition, (4.1.14), then the terms
explicitly containing ) are simply the right-hand side of Heisenberg’s equation.
Consequently, it follows that the IB%,()]:L) are only shifted by the action of the L-matrix
and leave L,, unchanged, i.e. LantZ) = L(lk% +1Lan. This can in fact be shown to

hold for the entire generator By, by using the RLL relation, (4.1.5):

Lan(1)Ban(A, 1) = Bani1 (A, 1) Lan (1)- (4.1.19)

Logarithmic Generator

As mentioned when defining the generator of the commuting quantities, we are
actually interested in the quantities generated by G(\). Unfortunately, however, the
process for finding the A-matrix generator in this quantum setting is not as simple
as it was for the equivalent classical case, since we can no longer use the fact that
[In (a),b] = a '[a, b] due to the non-commutativity of t and [t, O]. Instead, we choose
to introduce the B-matrix dependence of the A-matrices with the intent of having
the classical limit agree. Specifically, we choose the generator of the A-matrices

corresponding to the Hamiltonians generated by G to be:
Ap(A\, ) = 1G(M)T — iln (B, (A, 1)) - (4.1.20)

Care needs to be taken here however, as the potential non-commutativity of the
By, inside the logarithm could cause this to not be well defined. Fortunately, we
can show that the different terms in the expansion of B do actually commute with
one another so that this is not a problem. We start by considering the product of
two such B-matrix generators and commute the terms that do not affect each other
such that the result is in a convenient form (where we also define 7" = T'(N,n) and

T-=T(n—1,1)):
B (1. N Bon (€, A) = tras { T3 (1) Rac gt — NI ()T (€) Bicl€ — NI (6))
= tr { T ()5 () Raclp — N Bocl€ — NI, ()T ()}

(4.1.21)

Then, if we use the Yang-Baxter equation, (4.1.3), to reverse the order of the two
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R-matrices in this expression, we have:

= e, { T ()T () (Ruslpt — €)™ Bucl6 — N Ruclpt — VR — T (7T (6)
(4.1.22)

However, we can also use the RTT relations satisfied by the 7%, (4.1.8), to swap the
order of the T and TbjE with the help of the extra R-matrices from the Yang-Baxter

equation:

= tTap {(Rab(u — ) T THET (1) Roe(€ — N Rae(pp — Ny (€)T; (12) Rap (1 — 5)} :
(4.1.23)

Finally, as this is all inside a partial trace over the , and , spaces, we can cycle the
R4, so that it cancels out with its inverse. Rearranging the terms in the middle that

commute with each other we can return this expression to a familiar form:

= trap {T; (&) Roe (& — NI, (T, (1) Rac(pn — T, (1) }
(4.1.24)

= Bcn<£7 )\)Bcn(,uﬂ )\)’

which proves that [IB%((ZIZ),IB%ELQ} = 0 for all k£, j. Thus, it makes sense to talk about
the logarithm of these B-matrices, as we can factor the lowest order term (assumed

to be order k) out:

In (Byn (A, 1)) = In (B} (1) +n (T+ (B} (1)) 'O (4.1.25)

whereupon the logarithm can be expanded for A — 0. A similar argument holds for

other choices of A\ limit.

The Classical Limit

The classical limit we consider is where R(A) — I+ ihrg,(A) + ... and Ly, — ALgy,.
As mentioned earlier, this limit converts the Yang-Baxter equation, (4.1.3), to its
classical counterpart, (2.1.6). It also converts the algebraic relation (4.1.6) to the

quadratic Poisson bracket relation (2.4.5) when we identify (in)~'[-,-] — {-,-}.
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The action of this limit on the generator of the B-matrices is as follows:
By (M, 1) — hVtr, {Ta(N7 n; \) (]I + ihrgp (N — ,u))Ta(n -1,1; )\)} + ...
— AN+ iR r, {TL (N, n; A)ras(N — ) To(n — 1, 1,0} + ...,

(4.1.26)

so that the non-logarithmic A-matrix generator, (4.1.16), becomes:
A (N, 1) — BN e, {T (N, m N rap (N — ) Tu(n — 1, 1; A} + ..., (4.1.27)
and the logarithmic generator (4.1.20) becomes:

Ay, — iln (hNt) I —iln (hNt]I + 1N e, {T (N, n)rap(A — 1) To(n — 1,1)} + )
— —iln (T + it~ tr, {Tu(N, n)ras(A — ) To(n — 1,1)} + ...) (4.1.28)

— It (Nt {To(N, m; N)rap(A — p)Tu(n — 1, 1; M)} + ..

The lowest order terms in each of these expansions exactly coincides with the gen-
erators for the classical A-matrices, (2.5.14) for the non-logarithmic version and

(2.5.13) for the logarithmic version.

4.2 Examples of Closed A-Matrices

We now give examples of the A-matrices for two well studied models: The Heisenberg
XXX spin chain (XXX) and a quantum Ablowitz-Ladik (qAL) model. First, we
define the two models in Subsection 4.2.1 before deriving the A-matrices for each of

these models in Subsection 4.2.2.

4.2.1 The Models of Interest

Heisenberg Spin Chain

The XXX Heisenberg spin chain is the prototypical integrable model, so is often

used to test new methodologies in quantum integrable spin chains due to its simple
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structure. The L-matrix for this model is:
+ ‘]n n
LEXO) = AT +1 | 2 = Al +iJ,, (4.2.1)

where the J? are the three fields (with ¢ € {z,4,—}). As this is a model for a

spin-3 system, we have the additional constraints that (J)? = 0 and (J7)? = 1.

The R-matrix for this model is [5]:

REXX () = AT +1 (4.2.2)

o o O =
o = O O
o O = O
- o O O

Combining these in (4.1.6) we find sus-type commutation relations between the fields
J7:

n

[JZ, JE] = £J50m, [J5, T = 2076 0m. (4.2.3)

n’“m n»“m

Knowing these commutation relations and the constraints on J* and JZ, the anti-
commutators between the fields can be extracted as JXJ? + J*JE =0 and JJ. +

J,JF = 1. For the matrix J,, these manifest as the requirement that J2 = T and:
1
Jndmdn = (5 + 2020+ T T+ J;Jn> I=Jmal, (4.2.4)

where we define J,,,,,. This coefficient also obeys the properties J,., = Jpn, J2,, = 1,
and JnmJnanm - Jms'

The Hamiltonian for this model is:

N
1 _ _ . o N
FPORXX) _ 5 S Thady + o+ 202007 + R (4.2.5)
n=1
and combining this with the commutation relations we can determine the evolution

equations for this Hamiltonian:

at‘]ri = i‘]n_(‘]’:—f—l + ‘]7—2_—1) - iJ;(‘]n_—l-l + Jn_—1)a

(4.2.6)
0Ty = £20, (Jiy + Jnoy) F AT (T + Joa)-
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These can be more compactly written in terms of the matrix J,, as:
OJn = 1[Tn, Jng1 + Jna]- (4.2.7)

To find the commuting quantities, we first expand the monodromy matrix:

N N
TN = MWT+ATDY T+ 1A I Tneadncr - J + 1V Iy J0
"~ "~ (4.2.8)
In order to be able to calculate the terms at the \° end of this (which are the
terms we are interested in), we need to use the properties of the J,, noted above.

Specifically, that we can write J,,,J,, = J,J.n. Using this, we can reverse the order

of the J,, in the lowest order term in the transfer matrix:
X0 = iMer, {JarJiodas. In_a v In_1n ) - (4.2.9)

Then, as we are tracing over the matrix space (labelled @) only the left-most J,, is

affected, so that the two lowest order terms in the transfer matrix are:

{XXX0) iNJlQe]]Q?)"-JN—I,N—QJN—LN~ (4.2.10)
N-1

R (Z Jigedn1nrr- vy oz Ivoi v + J12--~JN—2,N—1> :
n=2

Combining these, we can find the first two terms in the expansion of the logarithmic

generator:

GEXX0 — Nl (1) + In (J12dos.. . In—1i v—2 N1 N)

N (4.2.11)
GRXXL) — (((XXX0) ~LXXX0) — 5 <Z Jnmn—1 + JlN) )

n=2
the second of which can be identified as the XXX Hamiltonian, (4.2.5), after inserting
Jpm from (4.2.4) and multiplying by a factor of % The total momentum for the

XXX,0

system can also be recognised as G ) after it is also multiplied by %
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Quantum Ablowitz-Ladik

The qAL model has Lax matrix [26]':

LEAL(\) = v, : (4.2.12)

n

where the three fields are a,, b,, and v,. The qAL R-matrix is [35]:

get — g le™? 0 0 0
A oA 1
R(qAL) ()\) — 0 7(6 e ) q q 0 ’
0 g—q ' e —e) 0
0 0 0 ge* — g le™?

(4.2.13)
where ¢ is some additional parameter of the model, and v = 1. These give rise to

the following commutation relations:

[anavm] = (1 - Q)a'nvn(snma [bna Um] = (]- - q_l)bnvnanma
(4.2.14)
[arw bm] = (q - qil)vg25nm7
with Casimir element qu, % — a,b, = 1. The Hamiltonian for this system is:
N
HOAY = (gbys1an + ¢ i), (4.2.15)
n=1
and the evolution equations are:
8tan = i(qil - q)vrj2(qilan+1 + qanfl)a
Oibp = 1(q — ¢ )vy *(gbpsr + 4" 0pn), (4.2.16)

atvn = i(q_l - 1)Unan(qbn+l + q_lbn—l) + l(q - 1)Unbn(q_1an+1 + qan—l)'

!The quantum Lax matrix used in this chapter differs from the classical one in Chapter 2
by the factor of -1 in the bottom-right element. Both choices lead to suitable Lax matrices for
the Ablowitz-Ladik model, however the removal of the minus sign changes the R-matrix so that
~v = ¢~3. The classical one is chosen without the minus sign so as to make the connection to
the NLS Lax pair through the continuum limit more evident, while the minus sign is kept in the
quantum case to keep the chapter in line with the results of [14].
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The first step in deriving the commuting quantities for this model is expanding

the monodromy matrix:

T(qAL) = UN... U1 eNA 10 + e(N—l))\ 0 bl
0 0 any 0
+ eWN=2Ap(@ALN=2) (_1)Ne(2—N))\T(qAL,2_N) (4.2.17)
Y N I ey e I
a0 0 1
where:
N-1
T(@ALN=2) _ > on—t bnsran, 0
0 (ZNbl
(4.2.18)
T(aAL2-N) _ bnay 0

N—
O anll an+1bn
Using these and the fact that [a,, b,,] is zero when n # m, the transfer matrix can

be determined:

N
@A) — 0oy [N 4 (V22 Z bpi1an, + ...

n=1

(4.2.19)

N
+(—1) Vel Z Api1bn + (=1)Ne M|
n=1
which provides a series of commuting conserved quantities. We, however, are in-
terested in the quantities generated by the logarithmic generator G(A). In order to
evaluate this we need to choose one of A — +o00 as the limit. Labelling the coef-
ficient of e in the A — =+oo limit as GAMFX) | the commuting quantities at the
lowest order at either end agree:
N

GAALO) — GaAL—0) _ Zln (Un), (4.2.20)

n=1
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while they diverge at higher orders:

N N
GaAL—2) _ Z b1, GaAL2) _ Z Uni1bn,
=1 n=1
N
GAL—4) _ lz by + b, — 2 B, a2 (4.2.21)
= 9 n+1 an + bpan )an—l + n-l—la’n)’ e
n=1

g(qALA) _ (an+1(anbn + b,a, — 2)bn,1 + ai+1bi).

N | —
WE

3
Il
N

These should be compared to their classical analogues in (2.5.10). Recalling the
Hamiltonian for this model, (4.2.15), we can recognise it as the combination of the

order 2 terms, H(OAL = ¢GaAL=2) 4 =1G(aAL2)

4.2.2 The A-Matrices

We now use our quantum STS formula, (4.1.20), to derive the A-matrices associated
to the commuting quantities calculated above. For each of the models, the first step

is to calculate the B-matrices using (4.1.17).

Heisenberg Spin Chain

The lowest order term in the expansion of the B-matrix generator can be read off

from (4.2.2) and (4.2.8):

BISZ(XXD) - thra {v]]aN Jan(lpab - >\]I) a,n—1- al}

= iNJu Jn—2,n—1<in,n—1an - )\Jn—l,nH)Jn,n+1 JN—I,N; (4.2.22)

where P, is the permutation matrix and can be read off from (4.2.2). The \ in the
R-matrix has a different sign to (4.2.2) because we are considering the lowest order
term in the expansion of R(x — A) about powers of p.

Because the total momentum of the XXX spin chain was G&¥%9 | we can use

the zeroth order term from the expansion of the logarithmic A-matrix generator,
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(4.1.20), to provide the A-matrix associated to the total momentum:

A(XXX,O) — ig(XXX’O)H —iln (E(XXX,O))

an an

(4.2.23)
= —iln (=1 = A*) I+ iln (AL + iJn)
which, after removing the overall constant commuting factor is just:
AXXXO) — i1 (Lgy) . (4.2.24)

The A-matrix that we are primarily interested in finding, however, is the one at
order ', which will be associated to the Hamiltonian (4.2.5). To find this, we need
both the inverse of (4.2.22):

(BEOXON -1 _ -1

= —1:--dn n‘n n— )\n—n]I n—1ln—2--- )
bn ) iN<1+)\2>JN,N1 Tt 1,0 WTondpn—1 + M1 0Tt 0—2 ... Jo1

(4.2.25)

and the order A! term in the expansion of the B-matrix generator:

Bl(jjxx,l) _ (t(xxx,o) _ )\,c(xxx,n)ﬂjL N (J23 T don o Ivin
+ Z Ji2 o Im—1mt1 - T pdbm - IN—1N
+ 12 o Jncopdon - Incin + T2 o Jnc1p b - Inoiy (4.2.26)
+ Z Jig o T pdlon - Im—1ma1 - Inc1 v

+Ji2 o T 1 6dbn -~-JN72,N71)-
Combining these, we can find the next A-matrix in the XXX hierarchy:

A{(;(XXJ) _ gty _ i(B,(;(XX’O))_IB%XX’l)
(4.2.27)
i\ i\ 1
= 1+ )\2]1 + 1+ \2 [Jb,nflwﬂnb] - m(ﬂbn +Jb,n71 - Jn,nfl]l)-

id

521 from this and scale it by the same factor

Finally, if we remove the constant
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of % that we used for the Hamiltonian, we are left with the A-matrix for the XXX
spin chain:

XXX —1 .
Al(?n ) = 2(1 + )\2) ()\[Jb,nfla an] + 1<an + a]]b’nfl - Jn’nfl]l))- (4228)

Quantum Ablowitz-Ladik

As with the Hamiltonians, we need to consider the two limits A — Zoo of this
model separately. Also like for the Hamiltonians, the odd-ordered terms will all be
trivial, due to the odd-ordered contributions from the Lax and R-matrices being

anti-diagonal. In the limit as A — +o0, the first two? non-trivial B-matrices are:

B%QAL’_O) = e_AUN...Ul 70 ,
01
=A A, —1 -1
€ I- bnanf — € — bn
BOAL) gy oy (€0 Pt m € (4—a7) -
(¢—q "an e Mg — 1)bpan_1 — €
N
_ qg O
+e /\UN...Ul Z bk+1ak s
k=1 0 1
while the first two non-trivial B-matrices in the A — —oo limit are:
]B;QAL’O) = cMuy..0y Lo 7
g
Mgt — Dayby,—qg — e —q YHb,—
]BS;QALQ) = UN...U1 @ ) ! (4= a")bns (4.2.30)
(q o q_l)a” e/\(l —q )anbn—l - e‘Aq
al 0
+e’\"UN...v1 Z&k+1bk .
k=1 0 q

The Hamiltonian was found by considering the logarithmic generator G, so the

B-matrices we actually need are extracted from these by taking the logarithm. In

2We only provide the first two B-matrices from each end as beyond that the expressions become
overly bulky.
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the A = +o0 limit, the resulting A-matrices are:

AgquL,—O) _ ig(qAL,—O)H —iln (BglqAL—O))

[r-m() 0
=1 s
0 A
(4.2.31)
A(qAL,—2) _ ig(qAL,—Q)H . i(B(qAL,—O))—lB(qAL,—Q)
Q=g ouany +eq g7 (g = q)by
=1 s
e)\(qil - Q)a’n—l (1 - q>bnan—1 + eZ)\
and the A-matrices arising in the A\ — —oo limit are:
A;qAL,O) _ ig(qAL,O)]I —iln (ngAL,O))
[ —=A 0
=1 s
0 In(q)—A
(4.2.32)

AS{]AL,Z) — ig(qAL,Q)H . i(B;qAL,O))flIB(qALQ)

n

—i (1= ¢ anby +e7 e Mgt = @)
e g —an (1= q)anby 1 +e72¢?

Finally, we take the sum of the order 2 components to find the A-matrix equivalent

to the Hamiltonian, (4.2.15):

AWAL) _ qA(qALr?) + q—lA(qALﬁ)

n

(1 - q_l)(q_lanbn—l + qbnan—l) (q_1 - q) (e_kq_lbn—l + eAbn)
(" —q)ean +eMqan—1) (1= q) (¢ anbno1 + qbnan_1)

=1

+i(e® 4 e : (4.2.33)

This should be compared to its classical analogue in (2.4.4).
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4.3 Time Evolution in Open Systems

Of particular interest is when integrable boundary conditions are incorporated into
this construction. Due to the similar forms of the (rearranged) quantum algebra,
(4.1.6), and its discrete equivalent, (2.4.5), the derivation of (4.1.16), the quan-
tum analogue of (2.5.14), followed an almost identical procedure with the non-
commutativity of the fields not appearing in any way (outside of the logarithmic
generator). When integrable boundary conditions are included, however, additional
complexities will arise, leading to an expression that is quadratic in the R-matrix,

where the classical version, (2.6.9), was still linear in r.

The boundary conditions are described by some K -matrices that need to satisfy
the reflection equations. The K-matrix at the n = 0 boundary needs to satisfy

36, 20]:
Rap(A—=p) K o(N) Rpa(A+p) K- p(p1) = K (1) Rap( A+ 1) K- o(N) Rpa(A—p), (4.3.1)

while the K-matrix at the n = N + 1 boundary obeys an equivalent relation [37]:

(Rt — ) ™ K . (N ((Rie (0 + ) )" K™ (1)

(4.3.2)
—1\t _ tq
= KLy () (BN + 1)) )" Ko (W) (B (A = )™
where fe, % and e are partial transpositions in the ., j, and combined spaces,

respectively. In the classical limit (assuming that the boundary fields are static) the
classical reflection equation used in the prior chapters, (2.3.1), is returned.
Using these boundary matrices, the transfer matrix t is replaced with Sklyanin’s

double row transfer matrix [20]:
t(A) = tr { K4 s W Tu(N)K_ o(NT, (=N } (4.3.3)

Before we can show that this commutes with itself for different spectral parameters,
we need to first prove that K_(\) = T(A)K_(N)T'(—\) satisfies the reflection
equation, (4.3.1). To do this we make repeated use of the RTT relation, (4.1.8),
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which we mark by square brackets [...]:

LHS (4.3.1) = Rap(A — ) To(\) K- o(N) [T, (=X) Roa (A + 1) Ty ()] K- (1) Ty (—12)
= Ray(A — ) To( N K_ o (N [To(10) Roa (A + )T, (=N K_ (1) T, (= )
= [Rap(X = i) Ta(N) Ty (1) K- a(N) Roa (X + ) Ky (1) T, (=N T (=)

= [Ty(1t) Tu(N) Rap (A — )| K_ o (A) Rpa (A + ) K_ o ()T, (=N T, (—p),
(4.3.4)

the central terms of which comprise the reflection equation, (4.3.1). Using (4.3.1)

to reverse these terms, this becomes:
= Ty () To(N K- p (1) Rap(A + 1) K- o(N) [Roa (A — )T (=N T, (—p)]
= Ty(1) K (1) Ta(N) Rap(A + 1) K (V) [T (=) T, (=) Rua (A — )]

= Ty () K (1) [Ta(N) R+ )Ty ()] KoV T (X)) RiaA — ) (4:35)

a

= Ty (W) K_ (1) [T, (=) Rap (A + 1) To(N)] K_ o (N T, (= A) Rpa (X — 1)
_ RHS (4.3.1).

Because K_ is still a solution of (4.3.1), the proof that the open transfer matrices
defined in (4.3.3) commute then follows by considering their product in one order (we
drop the parameter dependence of the K, and K_ matrices, as it can be implicitly
extracted from the subscript, e.g. K, , and K_, are functions of ) [20, 37] (for a

diagrammatic approach, see [38]):

() = tr, (K%, (VK" (0} try (K (1)K (1))

= tl"ab {KﬁyaKﬁb/Ct_‘l’aIC_,b}
(4.3.6)
= trg { Ko 0 (R O+ ) RO+ K K}

tp

t
= tra { (Kiia ((Rav+m) ™) Ki",b)

(K_aRba(A + M)’C—,b)tu} «
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To continue, we make use of the identity tr, {AwBw} = tr, {AZ‘;,BZ%} between
partial traces and partial transpositions. After using this to move the o from the

second bracket to the first, this is:

i) = 1 { (K (R0 ) ™) K (B 0K }
- trab{ (ke (s e) ™) k)R-
% Ry — ) (K o B+ )y } (43.7)
_ t{ (30— ) s, (=) ) )

X (Rab()‘ - M)’C—,aRba()‘ + M)’C—,b) }

The terms inside each of the brackets can be recognised as the two reflection equa-
tions, (4.3.1) and (4.3.2). After the application of these reflection equations we can
perform the same steps as above, but in reverse order, cancelling the factors of R
and R~! by cycling them around the outside of the trace, to complete the proof.
Then, as the generators commute, so too will the coefficients in their power series,
labelled %)

[t® 3] = 0. (4.3.8)

To extract local quantities from this, we again consider the logarithm of t, labelled
G. The coefficients G*) in the expansion of G(\) then also commute with one

another:

[G®, GV = 0. (4.3.9)

Our goal is to derive a generator for the open A-matrices, labelled A, cor-
responding to each of the Hamiltonians generated by t(\) or G(\). We consider
the non-logarithmic version first. Just as when deriving the version with periodic

boundary conditions, we start by considering the time evolution of L, along some
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master time-flow that incorporates all of the time-flows corresponding to each of the

Hamiltonians:
Lin (1) = 1[t(A), Lon ()]
= itr, { K1 Tu(N,n+ 1)[Lon(N), Lon (1) | Tu(n — 1, 1) K_ T, (4.3.10)
FE (T KT (n =1, 1) [Lgy (=), Lin ()] T, H(Nyn 1)

In order to evaluate the second commutator we need to have an expression for the

commutator with an inverse, which is:

[La_n( )‘) me(:u)} = (L;rzl(_)‘)g%ab()‘+M)me(M)_me(:u)g%ab()‘+N)L;ri<_)‘))5nma

(4.3.11)
where fkab()\) =1 R;bl(—)\). With this, the expression above becomes:
Lon() = itrs {K+,QTGK,,QT;1( DR\ + )TN, + 1)} Lun
— 1Ly, tr, {K+7aTa(N, n)Rap (A — )Ty (n — 1, 1)K,7aTa*1}
(4.3.12)

+ itr, {K+ aTa(N,n+ DRy N — p)To(n, 1) Ly K 4T, }
~itr, {K+ T oLon T (0 — 1, 1)Rap (A + )T (N, n)}

While the first two terms here are reminiscent of the zero-curvature condition, the
latter two are not, as they contain an L, that is “trapped” in the middle of each of
them. If this were the classical case, we could simply commute it out through the
T, or T, !, however, due to the non-commutativity of the fields that cannot be done
here. Instead we use the two algebraic expressions between the L-matrices, (4.1.6)
and (4.3.11), to commute the inner terms out. Obviously, when we do this we will
pick up another term that is still “trapped” between the two R-matrices, but as we
are doing this with both the third and fourth terms in the above expression we get
two such contributions, which cancel out with one another. The resulting right-hand

side then takes the form of a zero-curvature condition:

Lbn(:u) = Abn(>‘7 M)me(:u) - Lbn(M)Abn()‘v M)? (4313)
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where we define the generator of the A-matrices in the context of open boundary

conditions as:
Ay (N, p) = itrg { Ky o To(N, n)Rap(A — ) Tu(n — 1L, 1)K_ T, '}

Fitr, {K+7aTaK_’aT;1(n — 1, 1)Ra(A + @) TN(N, n)}
(4.3.14)
~itr, {K+,aTa(N, )Ry (A — ) Tu(n — 1,1)

% K_ T (n —1,1)Rap(A + )T (N, n)} ,

or after expanding the Mup(A) = T — Ryp(A) and the Ryp(N) = T — R,H(—A), this
becomes [14]:

Apn (N, 1) = it — iBy, (A, ), (4.3.15)

where we define the open equivalent of (4.1.17):

an(/\v :U’) = tr, {KJr,a()‘)Ta(N? n; )‘>Rab<)‘ - :U’)Ta<n - 17 1; )‘>
(4.3.16)
XK_ (N, (n—1,1; = R (=X — )T, " (N,n; =) }.

a

It is important to note here that, compared to the closed version (4.1.17), this
has lost the term linear in R and instead gained a term quadratic in R. This is
because all of the information from the underlying algebra needs to be concealed
within this expression, which, in the closed case was just the commutation relations
extracted from the RLL relation, (4.1.5). In this open case on the other hand, the
reflection equations (which are quadratic in R) also need to be encoded. This is in
stark contrast to the classical results, which are both linear, but this is because they
are instead reflecting the r-dependence of the classical Poisson brackets, (2.4.5), and
the classical reflection equation, (2.3.1), both of which are linear in .

At each of the boundaries we make use of how 7'(a,b) = I for b > a to find the

two boundary B-matrix generators, which are used in (4.3.15) to find the boundary
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A-matrix generators. At the n = N + 1 boundary, the generator is:

By 1A, p) = trg {K-&-,a(/\)Rab()‘ - ”)Ta()‘)K—,aO‘)Ta_l(_)‘)R;bl(_)‘ - N)} )
(4.3.17)
while at the n = 1 boundary it is instead:

IE3()1()‘7 M) = tr, {K—i-,a()\)Ta()\)Rab()‘ - M)K—,a()‘)R;bl(_)‘ - /“L)T_l(_)‘)} : (4318)

a

Logarithmic Generator

Because we are interested in the local quantities extracted from the logarithmic
generator G(\) we need to find a logarithmic analogue of (4.3.15). Just as the non-
commutativity was a potential problem in the closed case, so too must we be careful

here, and so we again simply define it using the logarithm of By,
Ay (N, 1) = iGN — iln (By, (N, ) - (4.3.19)

As we shall see this provides the correct classical limit. In order to prove that this
logarithm is well defined (that is, that the different Bl(zljz) commute with one another),

we define a term in analogy to the proof in (4.3.4):

K a0 1) = Tu(N, 13 ) RN = i) To(n = 1, N K o)
(4.3.20)
X Ty (n = 1,1, =N Ry (=X — )T, (N, n; =),

which can be shown to be a solution of the reflection equation, (4.3.1), through the
same method as in (4.3.4), except with additional applications of the Yang-Baxter
equation, (4.1.3). The task then becomes proving that:

[t (K (K ac(p1 V)t {0 (€)K€, M)} ] = 0, (4.3.21)

which is simply a repeat of the fact that the open transfer matrices commute, as

proven in (4.3.6).
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Classical Limits

The classical limit we consider for these two generators is the same as from Section
4.1, Rap(N) = T+ ihrg(N) + ... (which also implies that R;'(A) — T —iArg(A) +...)
and Ly, — hL,,. Again, the first thing to check is the limit of By,:

an<)" N) - {(/\)]I + ih(tra {K-&—,aTa(N’ n)rab()‘ - M)Ta(n -1, 1)K—,aTa_1(_/\)}

—tre { Ky o TLK_ T, " (n—1,1; = N)rap(—X — )T, '(N,ns =N }) + ..,
(4.3.22)

so that the limit of the non-logarithmic A-matrix generator, (4.3.15), is:
Ay (X, 1) = h(trg { K4 oTo(N, n)rap(A — p)Tu(n — 1L, 1)K_ T, (=)}

—trg { Ky oK T, (n— 1,1, = N)rap (=X — )T, '(N,ny =N P ) + ..
(4.3.23)

which matches the expected result. Similarly for the logarithmic generator, we need

to expand the logarithm of this:
Abn()V :u) — h{_l()‘> (tra {K+,aTa(N7 n)rab(/\ - M)Ta(n - 17 1)K—,aTa_1(_)‘>}
—trg {KJr,aTaKf,aTa_l(n - 15 1; _A)rab(_A - N)Ta_l(N7 n; _)‘)} ) Tt

(4.3.24)

which is also in line with our expectations of (2.6.9).
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4.4 Examples of Open A-Matrices

Heisenberg Spin Chain

We start with the example of the Heisenberg spin chain again. For the XXX model?,

the general K-matrix solutions are [22]:

K(_XXX)()\) _ [ + Ao AB_ |
Ay a_ — M\o—
(4.4.1)
+1id, + A0 By + A
KOO0y = oy + 104 + 1B+ AL

i’}q. + A’}q_ oy — 15+ — )\54_

The first two terms in the expansion of the double-row transfer matrix are:

E(XXX,O) — 2i2NOé+Oéf,

N-1

B 1

XXX — 4i*N 1o ol (Z Jmma1 + 5) + 21N (5+JJJ\7 + 4y + 25+le\/)
m=1

+ 2N oy (BT + - Jy +26_07), (4.4.2)

which give the local Hamiltonians through the use of the logarithmic generator:

GOXX0 =1 (21N o a ),

0
g(XXX Y (Z Jm ym+1 + ) 5—1— J+ _'_ JN - 2 . ‘]N (443)

+

- - o
+ ﬁ—Jj + =g 2=
a_ a_ a_

The bulk contribution from the open Hamiltonian, H**X) = %Q_ (XXX,1)

, is merely
double the periodic Hamiltonian, as expected. Consequently, the bulk equations of

motion will still be (4.2.6). At the boundaries, however, we pick up contributions

3The XXX R-matrix obeys a condition called “crossing unitarity”, which states that there exists
an 7 such that R’ (AR (=X — ) o< I. When this is the case, the two K-matrices reduce to the
same solution, but with the spectral parameter in K shifted by a factor of 5. For this model, the
choice of nis n = 1.

74



Chapter 4: The Quantum Auziliary Linear Problem

from the boundary fields, so that at n = N, they are:

O J% =iy (2% + J;_1> pe ( 1By + J;,_l) :

+ 2004
)
O, Jf = 2iJY ( 20: +J5_ 1) 21.J% < 22; + J;_1> : (4.4.4)

_ 104 _
8tJN:—21J (g—i-JN 1>+2JN<2++JN 1>,

while at the n = 1 boundary they are:

L o . ip
8t<]1 — 1J1 <J2 + g) — 1J1+ <J2 + g)
n i0_ - iy_
Oy = AT (55— ) = 2Jf (I + 5 — (4.4.5)
_ (s i0_ - i3

We now turn to deriving the A-matrices associated to the system at its bound-
aries. Just as the Hamiltonian is the same in the bulk, the A-matrices in the
bulk agree with (4.2.28). Consequently, we only discuss here the boundary matri-
ces, Ags,(ff( ) and AiXXX), which first need the B-matrices found using (4.3.17) and
(4.3.18). It will be useful to write the K-matrices more compactly by defining:

i )
K. = 2; = P (4.4.6)
Xt \yp —0s
so that the B-matrices are:
BLooY = BYY = —2(1 4+ A%)iPNaga

- 2
BUOXD — GO0 (g XXX,1) _ W(A[JN’K+} +i(Ky + Iy — JNK+JN))>,

_ _ - 2 .
ngxx,l) _ IBgxxx,o) (g(xxx,l) _ m()\[]K_, Ji) +i(J + K- — JhK_Jh))>.( .
4.4.

Using these with (4.1.20), we can now derive the A-matrices for each of these
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boundary cases:

A0 _ FOOX0) _ (g 2y

_ % ,

ALY = a0 K] + (K + Iy — IvK D)), (4.4.8)
_ 2

Agxxx,l) = 1 (A[K—,Jﬂ +i(J; + K- — J1K—J1))7

14+ A2

so that the A-matrices for the XXX model at the boundaries are found by scaling

these by 1
_ —1 .
AGEY = 1+ A2 (MIn K] +i(Ky + Iy — InKIn)),
(4.4.9)
_ —1
AP = 1+ A2 (AK-, J] + i + Ko = JK-T)).

By comparing these with the periodic A-matrix, (4.2.28), we can see that the
introduction of open boundary conditions to the model only manifests as replacing
Jni1 and Jo (which due to the periodic boundary conditions were identified with
J; and Jy respectively) with the constant matrices K, and K_, respectively. The
boundary equations, (4.4.4) and (4.4.5), can be related to the bulk equations, (4.2.7),

by the same substitution.

Quantum Ablowitz-Ladik

When considering the periodic qAL model we needed to consider both limits A —
400 in order to find the Hamiltonian and A-matrix. In the case of open boundary
conditions however, the results from the two limits will be the same, so we need only

consider one of them. We choose the A\ = 400 limit.
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The K-matrices extracted from (4.3.1) and (4.3.2) with the qAL R-matrix* are’:

e +a_e? 0
K9 () = ,
0 a_et+e A
(4.4.10)
+
0 Pared +q %

Before we can expand t(\) and G(A) we first need to find the inverse of Lg,(\) for
calculating T }(=\):

LY (=A) = v, : (4.4.11)

Using these, the first two non-trivial terms in the expansion of the transfer matrix
in the limit as A\ — oo are (like in the periodic case, the terms with odd powers of

A will all be trivial):

7(QAL0) _ N+42 2 2
{ ) =¢ Vy---U7,

=

~1
(aAL2) — (N2 | 42 <q (qbnr1Gn + G angibn) (4.4.12)

n=1

+q(ga_biay + ¢ lapanby) + (¢ 2oy + qga—)>,

so that the corresponding two terms in the expansion of G(\) are:

N
GaALO) _ o Z In (v,) + (N + 2)In (q),
n=1
N-1
) ) i ) . 4.4.13
g(qAL,Q) =q 1 (qbn_HCLn +q lan—i-lbn) +q l(qa—bla’l +4q 10[+CLNbN> ( )

1

3
Il

+ (¢ tay +a).

4Like the XXX R-matrix, this also satisfies crossing unitarity, but with n = 2In (q).
®Note that there are actually two distinct choices of K-matrices, those given in (4.4.10) and a
constant anti-diagonal version, K4 (\) = (aoi (1)) We choose to only consider the diagonal version

to make the comparisons with the classical case (where only the diagonal version exists) apparent.
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qAL,2

Removing the constant term from G ) and multiplying by a factor of ¢, this is

the open Hamiltonian for the qAL model:

=2

1
HOM) = (gbys1an + ¢ ansrbn) + (ga—biar + ¢ Fagayby). (4.4.14)
1

S
I

This should be compared against the closed Hamiltonian, (4.2.15). In the bulk, the
non-periodic boundary conditions have no effect on the Hamiltonian, so we will only
provide the evolution equations for the boundary terms.

At n = N, the equations of motion take the form [34]:

Oan =1i(1 — q2)vj_v2(aN_1 + agay),

Oiby = i(1 — ¢ ) v (by—1 + ayby), (4.4.15)

N = i((q’1 — Danby_1+ (¢ — 1)bNaN,1)vN,

while at the n = 1 boundary, they are:

oay = i(q? — 1)(ag + a_ar)v;?,
by = i(q* — 1)(by + a_by)vy 2, (4.4.16)
Oy = ivl((l —q Yagh, + (1 — q)bzal).

We now turn to finding the B-matrices for the open version of this model, with

the goal of finding the A-matrix. Due to the bulk A-matrices being the same as

A(qAL)

their periodic versions, we only derive here the boundary terms, Ay " and flquL).
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The first two non-trivial B-matrices at each boundary are:

2
B(qAL,O) E(qAL,O) N+2, 2 2 [ 4 0
1

N1 — — q UN...U]_ 9
* 0 1

_ _ _ g2 0
Bg&ﬁ%z) _ BS&?I{,O) g(qAL,Q) - (e2>\ + e—2/\)

0 1

—a bya “Ipy (e + e
1= ) +ONAN q b (o ) o (4.4.17)
qay (e + aze™) aganby

_ _ _ 2.0
ngALQ) _ ngALO) g(qAL,2) . (62)\ + 6—2)\) q
0 1
—o_bjay by(ed +a_e™?
H1-q?) ( )
ar(a_e* +e?) a_a by

We can then use these to find the corresponding A-matrices via (4.1.20):

_ _ 1 0
ALY = A0 = —2iin (g) :
0 0
~1 AL A
QAL o ' B —a byayn ¢ by(arer +e )
Ag\(}JrIf 2) =1q 1Aq — 1(1 —(q 2) N N ) (4418)
qan(e* + are™) aranby
_ —a_ba bi(e* +a_e™?
quAL,Z) _ iq_lAq o 1(1 o q—2) 141 1( ) 7
ar(a_e +e?) a_aby

where we define an additional matrix A, as:

Ay = (e + e . (4.4.19)

Multiplying the latter two of the above A-matrices by ¢, as we did for the open
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Hamiltonian, (4.4.14), we find the boundary A-matrices for the AL model:

1(qAL) . . 1 _Oé+bNCLN q_le(Oé+e>\ + e_>\)
Ay =10 —ilg—q7) \ \ ,
qgay (et + e ™) aanby
(4.4.20)
~(qA : . _ —a_bia bi(e* +a_e™?)
AP —iA, —ilg—q7)
ar(a_et +e7) a_ajby

Using these matrices in the zero-curvature condition gives the same boundary equa-

tions as the Hamiltonian did, (4.4.15) and (4.4.16).
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Conclusions

The primary goal of this thesis has been to emphasise the connection between
the various integrable hierarchies that can be constructed through the Lax/zero-
curvature representation. In the continuous case, we can build the usual classical
hierarchy with equal-time Hamiltonians, as done in Sections 2.1-2.3, or we can build
the dual hierarchy with equal-space “Hamiltonians”, as done in Chapter 3. In the
discrete setting, we have walked through both the classical hierarchy in Sections
2.4-2.6, as well as the quantum analogue of this, that is, a hierarchy of quantum
spin chains sharing a common Lax matrix, which was done in Chapter 4.

In each of these settings we have systematically constructed both the conserved
quantities (conserved with respect to space evolution in the dual description of
the continuous case, and time evolution otherwise) and the missing component of
the Lax pair in both the cases of closed (periodic) and open (reflective) boundary
conditions. The parallels between the various settings are made more evident by

working with equivalent models as examples for each of these.

Following Chapter 2 (which consisted of known results and methodology, see e.g.
[9], described here to contrast the later chapters against), we first focussed on contin-
uous models, and how they can be described in terms of their space-evolution. This
idea has been applied to the non-linear Schrédinger (NLS) model (in scalar [12], vec-
tor [39], and matrix [11] forms), the NLS hierarchy [13], the isotropic Landau-Lifshitz
(HM) model [10], and the sine-Gordon model [40], and leads to the introduction of

spatially conserved quantities and equal-space Poisson brackets, which make use of
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the equal-space Hamiltonians to describe the space-evolution. The core underlying
object here is the classical r-matrix, which, along with some seed Lax matrix, al-
lows a hierarchy of Lax pairs to be extracted by generating the missing components.
Then, by switching which component of the Lax pair we use as the seed matrix,
we can use the same r-matrix to build a hierarchy of Lax pairs with a common
V-matrix (assuming we started with a seed U-matrix originally). As the r-matrix
is shared amongst all of these Poisson structures and choices of Lax matrices (as
discussed in Appendix A), we view this as the fundamental object®.

This means that starting from a Lax matrix (chosen here to be U) and an -
matrix, we generate a hierarchy of V-matrices. Then, combining each of those
V-matrices with the r-matrix, we generate new hierarchies of U-matrices, which can
each be used to generate their own tower of V-matrices, and so on. Diagrammati-
cally, with A = B —(C — ... denoting that A is used with the r-matrix to generate
the tower of Lax matrices containing B and C' (the r-matrices are not written down,

due to being shared across the whole diagram):

U= W Vi Vo
U00:>%00—... U10:>‘/100—... U20:>‘/200—...
J Y J
U01:>‘/010—... U11:>‘/110—... U21:>‘/210—...
J Y J

(5.1.1)

I Due to the Lax matrix and r-matrix being related through the Poisson bracket relations,
(2.1.8) or (3.1.4), it can suffice to only have one of the two. As a given choice of Lax matrix
will usually have a unique (up to suitable transformations) r-matrix, and that the Lax matrix
is directly connected to the Hamiltonian (through the hierarchy of conserved quantities) and the
equations of motion (through the other component of the Lax pair), it may seem more natural to
call the Lax matrix the fundamental object.

In the sense that using only the Lax matrix as the sole input datum, we can derive the r-matrix
and with it the full hierarchies of both equal-space and equal-time, it is indeed more fundamental.
However, if we move on to consider systems higher up in the equal-space—equal-time “lattice”
then this original Lax matrix is swiftly forgotten as we work with ever more complicated Lax
pairs, whereas the r-matrix remains ever present. We therefore choose to view the r-matrix as the
common core of this whole construction.
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The equal-time and equal-space hierarchies do not a priori commute (e.g. the
Lax pair (U, Vooo) is not necessarily equivalent to the pair (Ujg, V1) in the diagram
above, despite both of these points being reached by going right once and down once
from the point labelled V;), so the diagram above keeps the “branches” separate.
However, in the case where the two hierarchies do commute (which has been shown
to be true for both the NLS and HM models at the lower orders of their hierarchies

[10]), the diagram can be drawn more compactly:

J
2 (Uo, V2) (U, Va) (Us, V2)
(5.1.2)
1 (Uo, V1) (Ur, V1) (U, V1)
0 | (U, Vo) (U1, Vo) (Uz, Vo)
0 1 2 7

Each node in this diagram represents a particular set of equations, defined in terms
of the Lax pair (U;,V;). For example, if the HM U-matrix is used as Uy and V4,
then the equations of motion (1.1.2) lie at the point (i,7) = (0,1) (as the HM V-
matrix appears as the second term in the expansion of the Semenov-Tian-Shansky
formula, (2.2.20)), and the higher system discussed in Section 3.3 is at the point
(i,7) = (2 1).

This raises the evident question of whether it can be shown that for any system
these equal-time and equal-space constructions do commute in general, or what the
conditions of the non-commutativity are. An important consideration in this is
whether the problem is being discussed at the level of the equations of motion or

at the level of the Lax pair, as the Lax pair for a given system of equations is not

unique. A detailed analysis of this problem is left as an open question.

The higher order systems discussed in Section 3.3 look to present a plethora of

new and potentially interesting integrable models. Of particular interest are the
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connections between these models and the known models that they are built from.
One key difference between the models is the number of fields it contains, for example
the higher order models given in Section 3.3 are both written in terms of twice as
many fields as their underlying equations had (i.e. the higher NLS equations were
written in terms of 1, 1, ¢, and ¢, whereas NLS is only written using ¢ and ). By
explicitly writing in the dependence on the different space-flows, these can instead
be written using the same fields, but with an additional spatial parameter (i.e. as

(2+1)-dimensional equations rather than (141)-dimensional equations):

% - _wrt - 21/}(1;2/}90 - wd—}w)u

@Z;y = @Emt + 2&(77577&30 - 7707]]3[:)7
(5.1.3)
wmy = wtt - 2¢t|¢’2 - 2?%(15?% - WE@«),

1/_)xy = &tt + 21;t’¢|2 + 2153:(1/_}'(#27 - ¢1Zm>7

where we use x to denote the original NLS space-flow and y to denote the new order
4 space flow. Alternatively, because the lowest order V-matrices for both the NLS
and HM models coincide with their U-matrices, we can interchange the roles of the
space and time coordinates in the equations of motion (by reflecting our position in

(5.1.2) about the ¢ = j line) to get more traditional time-evolution equations:

Y=~ — 20(dd — ¥9),

b= ¢ +20(P¢ — Po),
(5.1.4)

¢ =" — 2|V — 20(h — V),
6 = 0"+ 20 [0 + 26(dp — b).

Because these systems lie in the hierarchy of integrable models with known soli-
tonic solutions, they should also accept solitonic solutions of a similar form, and a
study of the solutions of these higher equations, as well as the relationship any such
solutions would have with the original NLS and HM equations, would be a fruitful

avenue of investigation.
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In Chapter 3 we also studied the introduction of integrable reflective boundary
conditions to the time axis for both the NLS and HM models. While seemingly
unphysical, such boundary conditions could have applications as a particular type
of initial condition for the system, where the time coordinate is considered on the
half-line, [0, 00), instead. Thus, the boundary conditions discussed in Chapter 3
would appear as a particular set of initial conditions that settle, for example, into a
2-soliton solution.

Having both spatial and temporal boundary conditions, an interesting study
would be the question of how these interact at the corners of the space-time region
considered. By taking the ¢ — +£7 limit of (2.3.17) and the + — £L limit of
(3.4.13), for example, the compatibility of these boundary conditions tells us that
Y o 1)’ at each of the four corners. The proportionality constant is given in terms
of the constants f; and v_ from the temporal boundary conditions, (3.4.13). A full

analysis of this, however, is left for future consideration.

The other key result of this thesis is the derivation of an analogue of the discrete
classical Semenov-Tian-Shansky formula, (2.5.14), for quantum spin chains in the
case of both periodic, (4.1.16), and reflective, (4.3.15), boundary conditions. This
was used to generate the appropriate hierarchies of A-matrices for both the XXX
Heisenberg spin chain and the quantum Ablowitz-Ladik model, which show the
agreement between our formula and the expected results (at the level of the evolution
equations).

Due to their general construction, the derived formulae can be applied to any
quantum spin chain which accepts an R-matrix description. It is left for future work,

however, to extract the hierarchy of A-matrices for other systems.

The Lax pair A-matrices have previously been a primarily classical concern, so
their introduction at the quantum level will allow some of the classical techniques
to be applied in this quantum setting. One example of such would be Darboux-
Bécklund transformations, as introduced in this picture in [14], which are used

classically to generate solutions to PDEs, or as a description of discrete time evo-
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lution. Quantum Darboux-Backlund transformations have been considered before,
see for example [41, 42], but in previous works only their spatial components have
been discussed, due to the lack of the temporal component. The consequences and

application of such techniques is left for future work.

The construction of the auxiliary linear problem at the quantum level is con-
nected to the concept of a quantum analogue of the Gelfand-Levitan-Marchenko
(GLM) equation [9, 43]. This in turn leads to the potential for some quantum
Zakharov-Shabat style dressing procedure [44, 45]. A non-commutative GLM equa-

tion has been constructed in [46] in the context of the classical matrix NLS model.

All of the models discussed in this thesis have been ultra-local, that is, the Poisson
brackets (or commutators) have depended only on §(z — y) (or d,,,). Consequently,
it would be of great interest to see if the constructions in this thesis, the equal-space
hierarchy and quantum auxiliary linear problem, would be applicable to non-ultra-
local models, such as the real Korteweg-de Vries system (either as a continuous
model or a quantum lattice [47]), where the Poisson brackets/commutators depend
on &' (z —y) or dpmt1-

This would require the introduction of some Maillet term [48] to the algebraic
relations providing the Poisson brackets or commutators, (2.1.8), (2.4.5), and (4.1.6).
For dual systems, it remains an open question as to whether, if the dual construction
can be applied to non-ultra-local models, the dual construction would retain the

non-ultra-locality.
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The Poisson Hierarchy for the
Anisotropic Landau-Lifshitz Model

In this appendix we change our focus to the anisotropic Landau-Lifshitz (LL) equa-
tion [49, 17] in place of either the non-linear Schrédinger (NLS) or isotropic Landau-
Lifshitz (HM) models of Chapter 3 which this appendix branches out from. The
reason for doing this is so that we may develop a more general result, and can then
focus this down to compare against the Poisson structures in Chapter 2 and the dual
Poisson structures in Chapter 3. Consequently, Section A.1 is dedicated to briefly
introducing this model and how it relates to the NLS and HM models.

Having introduced the relevant quantities, we turn to the problem at hand in
Section A.2, where we derive a general expression for the Poisson brackets found for
any given system in not just the standard hierarchy, but also for any system that
can be found by alternating the equal-space and equal-time hierarchies. Section A.3
then connects this to the results from Chapters 2 and 3 and makes some closing

comments.

A.1 The Anisotropic Landau-Lifshitz Model

The LL model is the set of three equations [49]:

5 1 = =, .= =
S = 6—25 x 8" +1S x (JS), (A.1.1)
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where S(z,t) = (S,,5,,5.)7 is a vector containing the three fields and the 3x3
matrix J = diag(J,, Jy, J.) contains the parameters that determine the anisotropy,
with J, < J, < J,. Throughout this appendix, we will use an 7, j, or k subscript to
denote an element of {z,y, 2z} (e.g. S; can be any of S,, S,, or S,). These anisotropy
parameters appear in the Lax pair and r-matrix in the form:

1 J, — J.
=3 Jz_']:m k= z ZE’
=3 J. — T,

(A.1.2)

which, due to the ordering of the J; are required to obey p > 0 and 0 < k < 1.

The Lax pair and r-matrix for this model are written in terms of the Jacobi
elliptic functions cs(\, k), ds(A, k), and ns(A, k) (see [50] for useful properties and
identities). There are Lax pairs with simpler dependences on A, e.g. linear [51],
however these involve matrices larger than 2x2, so we choose to work with the
elliptic versions.

We will drop the dependence on k£ throughout to keep things compact, and the
A parameter will also be omitted when it can be inferred from context. The Lax

pair for this system can then be written [17, 52]:

S.cs Spns — 15,ds

UM =ip ,
Spns 415, ds —S,cs
) S.ds ns Syes ds —iSycs ns
V(A) =2p (A.1.3)
Szcs ds +1Sycs ns —S5,ds ns
L,cs L,ns —iL,ds
+p )
Lns +iL,ds —L,cs
where:
1
j7ke{x7y7'z}

with €;;, being the antisymmetric Levi-Civita tensor, normalised so that €;,, = +1.
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The associated r-matrix is:

cs 0 0 ns — ds
i 0 —cs ns—+ds 0
r(\) = % . (A.15)
0 ns + ds —CS 0
ns —ds 0 0 cs

Combining this with the U-matrix in the equal-time linear algebraic relation, (2.1.8),

gives an equal-time Poisson bracket of su, type:

{Si(21), Sj(xz)}s = —inSk€ijk d(z1 — x9), (A.1.6)

while combining the r-matrix with the V-matrix in the equal-space version, (3.1.4),
gives a Poisson structure of special Euclidean SE(3) type (i.e. describing translations

S; and rotations L; in 3 dimensions):
{Li(t1), L;j(t2) }p = Li€iji 0(t1 — t2),
{Li(t1), Sj(t2) }r = Skein 0(ts — t2), (A.L.7)

{Si(t), Sj(t2)}r =0,

These Poisson structures are equivalent to those for the isotropic version pre-

sented in Chapters 2 and 3.

A.1.1 Limits

In order to connect this with the results in Chapters 2 and 3, we provide here the
limits that take this model to the NLS and HM models [17].

Isotropic Landau-Lifshitz

As the name might imply, the HM model can be found by considering the isotropic
limit of the LL model, that is, where J, — J, — J, (or p,k — 0), so that the
anisotropic component of the equations of motion, (A.1.1), vanishes. We also set

n=1and A — 2i\p for the conventions to match up.
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As this limit leaves the fields unchanged, the standard and dual Poisson struc-

tures above are preserved in the limit.

Non-linear Schrodinger

To extract the NLS model from the LL model, we need a more delicate limit than

for the HM model, where we allow a partial anisotropy, J, — J;,J. = J, — % (or

p = 2\1/5 and k — 0). Then, c is set to ¢ = 1 and the fields S; are replaced with

combinations of the NLS fields, ¢ and 1) through:
Sz =1 (e’t/"w + et/”z/_J) : Sy = —iy/n (e’t/”w - et/nz/_J) :

Finally, the limit n — 0 is taken.

(A.1.8)

A.2 The Hierarchy of Poisson Structures

The goal of this appendix is to establish that each system of equations in the hi-
erarchy of integrable equations associated to the anisotropic Landau-Lifshitz model
admits a Poisson structure. Specifically that the Semenov-Tian-Shansky formula
[6], (2.2.20), can be applied to each of the V-matrices (along with (A.1.5) as the
r-matrix) generated from the U-matrix, and similarly for each of the U-matrices
generated by the V-matrices (and so on). Thus, not only will each of the systems in
the standard equal-time hierarchy admit such, but in fact every system of equations
that can be extracted from alternating the equal-space and equal-time pictures will
admit Poisson structures too.

Throughout the following calculations we focus on the standard equal-time pic-
ture (i.e. generating V-matrices from U-matrices), which means that all of the
derived Poisson brackets will be dual Poisson brackets in the sense of Chapter 3.
The calculations and results are identical however for the dual (equal-space) picture,
so we merely quote the equivalent result at the end.

The first step in this is to determine the form of any Lax matrices generated by

the Semenov-Tian-Shansky formula (2.2.20) (or (3.2.18) for the dual case).
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A.2.1 The Form of the Lax Matrix

The V-matrices are generated from the U- and r-matrices for the system by (2.2.20):
Vi =t (1) trg {To(L, @ p)rap (e — N o, —Li 1) } (A.2.1)

This was handled in Section 2.2 by decomposing the monodromy matrices 7' into
a combination of W- and Z-matrices. Then, as the W-matrices are wholly anti-
diagonal, where we label its two non-zero components as wyo and wsy, after splitting
the monodromy matrices with the diagonalisation (2.2.5), the V-matrix generator
can be written as:

! trog § Tap(pt — A) ! ~wiz(k) . (A2.2)

- 1— w12(u)w21(ﬂ) wgl(,U) —w12(#)w21(ﬂ)

\Z

Explicitly evaluating this, we get:

V =

inp (1 4+ wiowar)cs (w21 — wi2)ns — (wa1 + wi2)ds
2(1 — ’wlgwgl) '

(w21 — wi2)ns + (wa1 + wi2)ds —(1 + wioway )cs
(A23)

Thus, the generator of the V-matrices (or U-matrices in the dual case) can be written

in the form:

“]()\7 /~L) _ VZ()‘a :u) Vw()‘a :u) - ivy()U :u) . (A24)

VI<)‘7 :u) + IV?J(AJ :U’> _VZ()‘v :U’)

Due to the association of cs with the z-component, ns with the z-component,
and ds with the y-component, we define ps, = ns, ps, = ds, and ps, = cs so that

the results can be combined into one.

A.2.2 The Linear Algebraic Relation

As we want to find the Poisson structure for each of these V-matrices, we need to
consider the dual algebraic relation (3.1.4) (we suppress the time dependence and

trailing Dirac delta function to keep the expression compact):

{Va()\lwu)vvb<>\2a M)}T = [Tab<)\l - )\2)7Va(>‘l>ﬂ) + Vb()\Qa ,u)] (A25)
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Evaluating this using (A.1.5) and (A.2.4), we get:

{Vilh, 1), Vo, 1) Y = 1o (s (M = A2) Vi (g, 1) — DS (A1 — Aa) Vi (A1, 1)) €4
(A.2.6)
In reference to (A.2.3), we can separate the dependence on A in each of these by
defining;:
Vi(A, ) = —npSi(p)ps; (1 — A). (A.2.7)

It will be useful in what follows to compact the elliptic functions by writing ps; ;;, =
ps;(A; — Ax) with A\g = p. Then, as we want to focus on the system at a specific
order in the hierarchy (labelled n), the Poisson brackets for the generating V; in
(A.2.6) become:

0 = {210 (005:() 1 (08,0 }

T ‘u,:0

(A.2.8)
1 123 1 123
+ (mpsi,lzaﬂ (Psk,ozgkz(ﬂ)) - ﬁpsj,12a,u (pskplSk(M))) €ijk,
! ! =0

where we have used derivatives with respect to u to pick out the term in the hier-
archy that we are interested in. After evaluating the derivatives, with a bracketed
superscript ™ denoting the nth term in the power series expansion with respect to

(t, this becomes:

1 /n\/n n
0= Z E(p) (q)psz(,m bs;, 02‘1){S }T

P,q=0
(A.2.9)
+ Z ( > ps; 12psk 102 ) ij,12PSI(:0_1p))S/(cp)€ijk-
The elliptic functions can be shown to satisfy the following identity:
0 =ns(a — b)ds(a — ¢) + cs(c — a)ds(c — b) + cs(b — a)ns(b — ¢), (A.2.10)

which, if we differentiate (n — p) times with respect to Ay = p and convert to our
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notation (with 7, j, k distinct) gives us:

PSi,lQPSJ(:(B 2 — Ps;;, 12psk 01 = Z ( )psﬂnp Q)ps%)z (A.2.11)
=0
We can use this in (A.2.9) to make every term depend on ps;; and ps; g, and no

other elliptic functions:

n

1 /n\/n
0= ZE(I’) (q)PSE(n pS]02 {Sz ) ] }T

p,g=0

M—q—P\ () (- qpren)
_Z Z <p+q—n)( " — >psj01 PS; 02 IS e

g=0 p=n—q q

(A.2.12)

We can therefore split these expressions about their elliptic function dependence to
get two sets of results (where n is the order of the system you are considering and
p and ¢ lie in [0,n] and supply you with the (n + 1)? Poisson brackets between the
(n+ 1) fields):

p!q_! 'S(PJFQ*")
{S g@ b= (p+q—n)1"k
’ 0 p+g<n.

€ij + va
kP (A.2.13)

In order to state this more cleanly, we redefine the fields one last time, where

instead of the components SEP ) we define the fields in the system at order n as:

1

Si(nvp) —
(n—p)!

S{np) (A.2.14)

1 )

so that the Poisson brackets in (A.2.13) become:

ST 5ty —ty) p+q<n,
(S (0), 800 1)) = 4 78O T TSI g

0 p+qg>n.

Thus, each Poisson structure in the hierarchy of such for the anisotropic Landau-
Lifshitz model has the form of a graded Lie algebra with an su,-like form.

In the dual picture where we use the underlying V-matrix to generate a hier-
archy of U-matrices and then wish to find the equal-time brackets for each of the

corresponding systems, the above calculation proceeds exactly the same, with the
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equivalent of (A.2.15) being:

S(”vP"f‘Q) ” A _ +q<n,
(S, 800 )} = 4 AT DEIEN )

0 p+q>n.
In the discussion below we drop the g or 7 subscript from the bracket, as the

results are equivalent in the two cases.

A.3 Comments and Examples

In analogy to how the standard and dual algebras in (A.1.6) and (A.1.7) have one
and two Casimir elements respectively (¢ = Y, S? for (A.1.6) and both ¢* and
¢ =>",L;S; for (A.1.7)), we can find (n+ 1) such constants for the Poisson algebra

at order n in the hierarchy (indexed by 0 < r < n):

= 3 SR gl (A3.1)
0

i p=

By inspection we can see that this coincides with our known Casimir elements as

- .. , n—1
? =cp, and & = %cn,n_l, where we are recognising S; = Si(n " and L, = Si(n" ),

To see that this is a Casimir we consider the Poisson bracket of this with S J(-q) (we

drop the factors of 4 and the n superscripts to clean the expressions a little bit):

r

{enrs S0 =33 (sl g gy

i p=0
r—q T
_ Z <Z Si(n—P)S](cn+P+q—r) + Z S§n+p—r)sl(€n+q—p)> €ijn
bk Ap=0 P=q (A.3.2)
TS S
i,k p=q
= [)7

where in the final step we have used the antisymmetry of the Levi-Civita tensor.
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Despite the results of this appendix depending only on the choice of n to deter-
mine the form of the Poisson structure, this result holds for any choice of underlying
Lax pair. This is because the only tool used in the derivation of the results was
the r-matrix. Consequently, as long as the underlying Lax matrix satisfies the ap-
propriate linear algebraic relation, (2.1.8), with this choice of r-matrix, then each
dual system in its hierarchy will also satisfy a linear algebraic relation with the
same r-matrix, with the choice of n in (A.2.15) depending on the order at which the
generated half of the Lax pair appears at the hierarchy.

For example, if we take the NLS limit (described below in Subsection A.3.1), then
we will find that the equal-space Poisson structure of the complex mKdV equation is
the same as the equal-time Poisson structure of the (4,3)-NLS equations described
in Section 3.3. This is because the complex mKdV V-matrix (out of which the equal-
space brackets are built) appears at the same power of the spectral parameter as the
U-matrix (which is used to build the equal-time brackets) does for the (4, 3)-NLS

model.

A.3.1 Examples

Considering when n = 0, (A.2.15) is simply the suy algebra, (A.1.6), which is the
standard Poisson structure for both the isotropic and anisotropic Landau-Lifshitz
models, while for n = 1 (A.2.15) becomes the SE(3) algebra, (A.1.7), which is the

dual Poisson structure for both of these models. When n = 2, we get the following
algebra (with S; = SZ»(Q), L= Si(l), and T; = Si(o)):
{T5, 15} = Theijn, {T3, L} = Lyeiji, {T3, Sj} = Skeijw,
(A.3.3)
{Lz, LJ} = Skeijk, {LZ, Sj} = {Sz, S]} = 0

This has three Casimir elements:

)

6270 = Z Sf, 02,1 =2 Z Llsz, CQ,Q = Z(QT;SZ + L?), (A34)

and is (up to a suitable choice of S;, L;, and T;) an equal-time Poisson structure for

the higher HM system described in Section 3.3 in Chapter 3.
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NLS Limit

If we assume that each of the fields S, S{™”) can be considered of the form of

(A.1.8), that is:

Sén,p) =1 (e—t/nw(n,p) + et/n@(n,p)) ’
(A.3.5)

S}Snvp) = —iyn (e—t/nq/)(n,p) _ et/nq/j(n,p)) 7
then the appropriate Casimir elements at order n can be used to find the corre-

sponding limit for S, For r = n, this is equivalent to the limit in (A.1.8):

S0 = \feng — AnptnP, (A3.6)

while for r» # n this leads to a recurrence relation that is close to Catalan type:

n—r—1
1
Sinr) = Uy — Slnn=p) gnrtp) | (A.3.7)
254" < ’ ,,Z:;
where: B
e = Cor — 3 (SPPPGErHD 4 S gt (A 3g)
p=0

In the original NLS limit we chose ¢ = 1 (i.e. ¢, = 1), which we do again here.
However, we also need to choose ¢, , = 0 for all 0 < p < n, in the same way that
we worked with ¢ = 0 in the isotropic case. Then, in the limit as n — 0 these a,,,

become:

= —An 3 DG (43.9)
p=0

The recurrence relation (A.3.7) can be solved to get a solution:

n—r

— NI
Sin,r‘) = — Z M (QSgn’n))l_Qm Z Qpn—iq - Ann—ipm (ASlO)

= ml(m —1)!

i1,eesim=1
> tj=n—r

however, as we only care about the order n° and n' terms and the a,,, are linear
in 7, there are no order 1° contributions from S with » < n and the order n'
contribution is:

n—r

SO = by — 27y T TPITIR) p (A-3.11)

p=0

96



Appendixz A: The Poisson Hierarchy for the Anisotropic Landau-Lifshitz Model

The resulting hierarchy of NLS Poisson structures then all take the form (noting
that due to the factor of 7 hidden inside (A.2.7), we need to scale the right-hand
side of (A.2.15) by n):

{w(np ¢ n,q) } = {@E(n,p%&(n,q)} =0,

{p?) @} — L0 YD} =g, g,

_ _iahpte) P9 (nmn—m) (A.3.12)
(np) Tna)y — 1Y _Zw (09) natm)
n n, lw np-I—q) — &(n,n—m) 7(n n m
{pP) qpa)} — —nn) _ E WWJ( P) qpmatm)y

To actually extract the Poisson brackets from these we assume that the brackets
take the form:

i

{p(p) pnD) — bz(gflq) — §5p+q’m (A.3.13)

for some function b,(fq). With this assumption, the second relation tells us that

bgg + bl%) = 0. The third and fourth relations then become:

o igere (8 1/1 nnem)
bz(J,q) 2¢(n’n) (Z 5p+q+m7n - + 5p+qn Z bé,q)era

=1

(A.3.14)
jo) (-t

b;q) nn)< Z +q+m,n> — 50ptgn — Z (nn pq+m7

where the delta outside of the brackets can be taken into the summation, thus
ensuring that the bracketed terms are identically 0. Then, equating the remaining

expressions, we have:

n—q (n,n—m) 7,(n,n—m)
( _¥ )b“) . (A.3.15)

() () ) “patm
m=1 dJ

By considering successive orders of ¢ (starting with ¢ = n — 1) and using the fact
that 9(™P) and ¥(™% are independent, we can see that each of the bgﬁ} must be 0.

Therefore, the NLS analogue of (A.2.15), i.e. the associated hierarchy of Poisson
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brackets for the system appearing at order n in the hierarchy, are:

{0, 60 (B)} = (577(@), 5 ()} =0,
(A.3.16)

—i

{W‘p)( )s @Z)(nq( )} = 9 — Optqnd(a —b),

where we generically use a and b for the parameters so that this result can be applied

to both the equal-space and equal-time descriptions.

Looking at the n = 0 case, we extract the usual NLS Poisson brackets (2.1.9),
labelling ¢ = v/2iy) 9 and ¢ = v/2iy)©0):

{¥(a), ¥(b)} = d(a—b). (A.3.17)

If we instead consider the n = 1 case, labelling ¢ = 19 1) = p(10) ¢ = 2411
¢ = 21V we re-derive the dual Poisson structure for NLS, (3.1.5):

{0} = {0, 0} = {¥, ¥} = {6,0} = 0
(A.3.18)

{¥(a), ¢(b)} = {¥(a), 6(b)} = d(a — b).

Finally, by looking at the n = 2 case we can find equal-space Poisson brackets
for the complex mKdV equation, or equal-time brackets for the (4, 3)-NLS system
defined in Section 3.3, where we use v; = 1™ and 1); = p™:

{hi, i} = {i, 05} =0
{¥0, Yo} = {0, ¥1} = {¥1,¥o} = {¥1, 2} = {2, Y1} = {¢h2, 2} =0, (A.3.19)

%@m—@.

{to(a), ¥a(0)} = {¥1(a), U1 (b)} = {¥a(a), o (b)} =

To connect this equal-space Poisson structure for the complex mKdV equation to the

version presented in [32], we need to transform our six fields as 1y = b1, Yo = 3¢1

_ 1 T | _ 1 132 7
wl - me% 1/}1 - 2@027 1/}2 - Qib?) + 161b1017 and ¢2 CS + 161b101
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